Sturm-Liouville systems by Bauer, Harry
University of Montana 
ScholarWorks at University of Montana 
Graduate Student Theses, Dissertations, & 
Professional Papers Graduate School 
1962 
Sturm-Liouville systems 
Harry Bauer 
The University of Montana 
Follow this and additional works at: https://scholarworks.umt.edu/etd 
Let us know how access to this document benefits you. 
Recommended Citation 
Bauer, Harry, "Sturm-Liouville systems" (1962). Graduate Student Theses, Dissertations, & Professional 
Papers. 8084. 
https://scholarworks.umt.edu/etd/8084 
This Thesis is brought to you for free and open access by the Graduate School at ScholarWorks at University of 
Montana. It has been accepted for inclusion in Graduate Student Theses, Dissertations, & Professional Papers by an 
authorized administrator of ScholarWorks at University of Montana. For more information, please contact 
scholarworks@mso.umt.edu. 
STÜRM-nOÜVILLE SYSTEMS
by
HARRY BAUm 
B,A» Montana S ta te  U n ivers ity , I 96O 
Presented in  p a r t i a l  fu lf i l lm e n t  of th e  requirem ents
fo r  th e  degree of 
M aster o f A rts 
MONTANA STATE UNIVERSITY
1962
Approved by:
Chairman, Board o f ExamiM ii^rs
Dean, Graduate School 
AÜG 1 7 1962
Date
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
UMI Number; EP38885
All rights reserved
INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.
In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.
UMT
OiaMrtation PuWtshing
UMI EP38885
Published by ProQuest LLC (2013). Copyright in the Dissertation held by the Author.
Microform Edition ©  ProQuest LLC.
All rights reserved. This work is protected against 
unauthorized copying under Title 17, United States Code
ProQ^st*
ProQuest LLC.
789 East Eisenhower Parkway 
P.O. Box 1346 
Ann Arbor, Ml 48106 -1346
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
ACKNOWLEDGEMENT
I  w ish  to  e x p re ss  my in d e b te d n e ss  to  P ro fe s s o r  W illiam  M, 
% rers f o r  h i s  generous a s s i s t a n c e ,  unending p a t ie n c e ,  encouragem ent, 
and h i s  m e tic u lo u s  re a d in g  o f  th e  t h e s i s ,
H.B.
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
TABLE OF CONTENTS
CHAPTER PAGE
I* EXISTENCE THEOREM 1
I I .  COMPARISON THEOREMS ....................  . . . . . . . . . . . . . . .  9
S e c tio n  I ..........................................................................................................  9
S e c tio n  I I . .................................  14-
I I I .  ESTIMATES FOR AND u ^ (x ) .   .....................................   21
S e c tio n  1 ..................................... . . . . . . . . . . . . . . .  21
S e c tio n  I I ,   .................................................   25
S e c tio n  I I I    . . . . . . . . . . .  29
S e c tio n  IV..........................................    29
S e c tio n  V . . . . . . . . . . . . . . . . . . . . . . . .  33
IV. MINIMAL PROPERTY OF THE EIGENFUNCTIONS. . . . . . . . . . .  36
V. CONVERGENCE THEOREMS. . . . . .  .............................  . . . . . . .  49
S e c tio n  I    . . . . . . . . . . . . . .  49
S e c tio n  H .   ............................       50
LIST OF REFERENCES   . . . . . . . . . . . . . . . .  59
11
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
CHAPTER I  
EXISTENCE THEOREM
T his t h e s i s  i s  p r im a r i ly  concerned  w ith  th e  system
y" + (A -  q f x ) )  y = 0 ,
y ’ (0 ) -  h y (0 ) = 0 , y * (7r )  -  Hy(îr) = 0 , 
w here h and H a re  r e a l  c o n s ta n ts ,  % i s  a  complex p a ra m e te r, and q (x ) 
i s  a  c o n tin u o u s , r e a l -v a lu e d  fu n c t io n  o f bounded v a r i a t i o n  on lo^ir] » 
Such a  system  i s  c a l le d  a  S tu rm -L io u v ille  system .
The v a lu e s  o f  h f o r  w hich th e  above system  h a s  a  n o n - t r i v i a l  
s o lu t io n  a r e  c a l le d  e ig e n v a lu e s  o f  th e  s y s t« n ; th e  c o rre sp o n d in g  non­
t r i v i a l  s o lu t io n s ,  de te rm in ed  u n iq u e ly  t o  w ith in  a  c o n s ta n t  m u l t ip le ,  
a r e  c a l le d  e ig e n fu n c tio n s .
I t  w i l l  be shown t h a t  th e  s e t  o f  e ig e n v a lu e s  o f  th e  above 
system  i s  an  enum erably i n f i n i t e  s e t  o f  r e a l  numbers w ith o u t a  l i m i t  
p o in t ,  bounded below , and unbounded above. Thus, th e  e ig e n v a lu e s  may 
be a rra n g e d  a s  an  in c r e a s in g ,  unbounded sequence > -̂ 2 > ^3
The e ig e n fu n c tio n  co rre sp o n d in g  to  i s  u n iq u e ly  d e te rm in ed
a f t e r  im posing th e  a d d i t io n a l  c o n d it io n s
2
J  (y { x )) dx  = 1 , y  (O) > 0 .
o
T h is  n o rm a lized , i n i t i a l l y  p o s i t iv e ,  e ig e n fu n c tio n  c o rre sp o n d in g  to  ^ 
i s  d en o ted  by u^  ( x ) .
n
A pproxim ations f o r  and u^ (x ) w i l l  be g iv e n . In  p a r t i c u l a r ,  
i t  w i l l  be shown t h a t  
°
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and
(x) = cos nx s in  nx +(9  (“ 2 )
(h e re  n > 0 ) ,  where th e  c o n s ta n t  c i s  d e te rm in ed  by h , H, and q (x ) ,  
a n d /S (x )  i s  a  f u n c t io n  w ith  a  f i r s t  d e r iv a t iv e  o f  bounded v a r i a t i o n  
a l s o  d e te rm in ed  by h , H, and q ( x ) .  The t e m  ( ^ ) , i n  th e  e x p re s s io n  
f o r  i s  a  c o n s ta n t  depend ing  o n ly  upon n , w h ile  (9 ( ^ g ) , i n  th e  
e x p re s s io n  f o r  u ^ ( x ) ,  i s  a  fu n c t io n  o f  x , depending  upon n.
F u r th e r ,  i t  w i l l  be shown t h a t  i f  f  (x ) i s  a  s u i t a b ly  r e s t r i c t e d  
fu n c t io n  d e f in e d  on [Oj Tt]  , th e n
f ( x )  = y  _  c u  (x )
n = 0 ”  ”
f o r  a l l  X i n  fa , b j ,  where
fir
= J  f ( t ) u ^ ( t ) d t ,  n = 0 , 1 , 2 , . . . .
O
D e f in i t io n  1 . 1 . The fu n c t io n  f ( x ,  y ^  y ^ , , . „ y^) 
d e f in e d  on a  s e t  R s a t i s f i e s  th e  L ip s c h i tz  c o n d it io n  in  y ^ , y g , y y  . 
o n  R i f  t h e r e  e x i s t s  a  c o n s ta n t  k > 0 such  t h a t
| f ( x ,  y , 2 . . . .  y ,n )  -  f(% , yg^ . I
= ' ^ T Z I ^ n  -  ^ z J
f o r  a l l  (x , y ^^ , . y ^ ^ ) , (x , y ^ ^ , ygg, . . . y^n^
Theorem 1 . 1» The system  
y "  + (A -  q ( x ) )  y  = 0 , 
y ( a )  = 0 , y * (a )  = d ,
w here q (x )  i s  a  c o n tin u o u s , r e a l - v a lu e d  fu n c t io n  on £a, hj   ̂ / A f 6 N 
f o r  some c o n s ta n t  N, and A , c ,  d a r e  r e a l  c o n s ta n ts ,  has a  u n ique  
s o lu t io n .
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P ro o f . L et (x , ^ ) = c + d ( x - a ) .  C le a r ly  y^ ( s ,  %) = c , 
y'*^ (a ,  A) = d .  L e t
y - ( x ,  %) = c + d (x -a )  + j ( ( q f t ) -  y^ ( t ,  %) d t  du,.
a  a
The sequence  [ y ^ (x , A ) j  i s  d e f in e d  i n d u c t i v ^ y .  D efin e  y^^^ (x , ^  ) 
a s  fo l lo w s ;
,x  .u
y ^ ^ ^ (x , a )  = c + d ( x - a )  + 3  3 ( q ( t ) -  2)  y ^ ^ t ,  %) d t  d u , n = 1 , 2 , 3 ,
cl cl
S in ce  y ^ (x . A) i s  c o n tin u o u s  f o r  a ^ tx  z b , i t  fo llo w s  im m ed ia te ly  t h a t  
A ) ,  n = 2 , 3 , 4 , . . . , i s  a l s o  c o n tin u o u s  on / a ,  hj  » L et 
A -  /c  / + / d / ( b - a )  and choose M so t h a t  iq (x )/ ^ M f o r  a  a x  & b . Then
^X xU
I ygCx, -  y,j (x , > ) /  ^  J I / q ( t )  -  A //y ^  ( t ,  A ) / d t  du
a  a
^  A (M + N) .
O bserve t h a t  y ^  (x , A ) = (q fx )  -  A) y ^ (x ,A  ) ,  ygCa, A) = c ,
y i ( a .  A) = d . Ey in d u c t io n  i t  i s  r e a d i ly  e s ta b l is h e d  t h a t
2n
I y^+l -  y n (x , A ) j 6 . A (M + N)”  f i n f j "  , n = 1 , 2 , 3, . . .  ;
a l s o ,  y"^^ (x , A ) = (q (x )  -  A ) y ^ (x , A ) ,  y^^^ (a , A ) = c ,  y j^^  ( a ,  A) = d. 
Note t h a t
In  v iew  o f  th e  p re c e d in g  e s t im a te s ,  we have
y „ ( x .  A )  =  y ^ ( x .  A )  +  ^  . ( ^ k + 1  ^  )  -  y ^ C x ,  ^  ) ) •
I Z  I y ^ + i(* . > )  -  y^C*. 6  2 % ^  A (M + M)''
-  A Y U  / (M + N ) ( b ^ ) ^ ^ 
k = 0 k
6  *  g(M + N )(b -a )2
Thus th e  u n ifo rm  convergence  o f  th e  sequence ^ y ^ (x , A ) j  
o f  c o n tin u o u s  f u n c t io n s  to  a  c o n tin u o u s  f u n c t io n ,  say  y (x , A ) ,  i s  
e s ta b l i s h e d  by show ing th e  u n ifo rm  convergence  o f  th e  s e r i e s
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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y   ̂ ( y k + i(X f^ )  -  y^Cx, 4 ) ) .  A lso , th e  sequence [ ( q ( x )  -  y ^ (x , A
i s  u n ifo iro ly  c o n v e rg en t to  (q (x )  -  ^ )  y (x , 7\ ) f o r  a  * x  i  b and / P /^N .
Thus, g iv en  f> o  , th e r e  e x i s t s  such  t h a t  i f  n & N*, th e n  
/ q ( t )  -  1 y ^ ( t ,  } )  -  y ( t ,  )  ) I < 6
f o r  a  ^ t  ± b and ) ^  N, Now
I f  (  ( q ( t )  -  "X) y  ( t ,  a )  d t  du -  ( [  ( q ( t )  - ; i )  y ( t ,  A) d t  du i
a  -^a “̂ a a  '
^ é (x  -  a )^
2
f o r  n *  Ng and f o r  a  e  x  e  b  and /  ̂/ -  N .
Hence,
.X f-U
y ( x ,  %) = c + d ( x - a )  +] \ ( q ( t )  -  /)) y ( t ,  d t  du ,
a  ^ a
y ” (x , X) = (q (x )  -  > ) y (x ,  A ) ,  
y ( a ,  A) = c , and y * (a ,  3 )  = d .
The u n iq u e n e ss  o f  th e  above s o lu t io n  i s  e s ta b l is h e d  a s  fo llo w s  ;
Suppose t h e r e  e x i s t s  a  second s o lu t io n  ï ( x ,  X )  f o r  a  f ix e d  X,  N.
Then
rx  ^u
y(x,  X) = c + d (x - a )  + j  V ( q ( t )  -  ) Y ( t ,  d t  du
and
rX ru
I  Y (x, ;)) -  y (x ,  ;̂  ) I £ f  ( / q ( t )  -  X  I  I Y ( t ,  -  y ( t ,  A ) /  d t  du
*̂ a '"̂ a
^ (M + N) Ç r I Y ( t ,  X) -  y ( t ,  a )  I d t  du .
✓ Q ✓ Qa  a
L e t K = max, / Y (x , X) -  y (x ,  X) j  f o r  a  6 x  2 b . Hence,
, .2
|T ( x ,  X) -  y (x .  A) I 6  (M + N) K
R e p e a tin g  th e  argum ent and a p p ly in g  th e  im m ed ia te ly  p re c e d in g  r e s u l t s ,  
one h a s  /T (X j -  y (x ,  X ) l  é  (M + N)^ K .
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
I t  fo l lo w s  in d u c t iv e ly  th e n  t h a t  f o r  a  * x  ^ b and I & N,
I Y(x, -  y (x , A ) /  ^  (M + N)"K , n = 1, 2 ,  3 ...................
S in ce  th e  s e r i e s  ^  ^  K  -  converges to  ,
0
l ira  = 0 . Thus, i t  i s  n e c e s sa ry  t h a t  T(x, A) = y (x . A )If)-#'** n .
f o r  a  é  X ^ b . The s o lu t io n  y (x . A ) i s  r e a l-v a lu e d  because  q (x )  i s  
r e a l -v a lu e d  and A , c , d a r e  r e a l  c o n s ta n ts .
We s h a l l  conclude  t h i s  c h a p te r  w ith  a  d e r iv a t io n  o f  s e v e ra l  
e s t im a te s  which w i l l  y ie ld  th e  un ifo rm  c o n t in u i ty  o f  y (x , A ) , y ’ (x , A ) ,  
and y " (x , A ) i n  x and A s im u lta n e o u s ly , where a  é  x  f  b , /A /è  N.
(1 ) E s tim a te s  f o r  y (x . A) and y ^ (x , A ),
S in ce
A (M + N)+
y „ (x . «  = y , ( x .  )  ) ■ " k +1 —  -  '  -  ■'k'
k  ( b - a ' ^
-
f a  + N ) (b .a )2j k
iTT
k = 0 
:< ^  g(M + N )(b -a)Z
f o r  a  6 X & b and /A/& N, and
.2
Ïj y U .  s  A + N ) ( b - a ) ‘
b ecau se  o f  th e  convergence o f  th e  sequence ^ y ^ (x , A ) j  to  y (x ,A  ) ,
(2 ) E s tim a te  f o r  y (x ^ . A) -  yCx^, A ).
Suppose a  a x^ ^ x^ ^  b . Then
I y(% i, a )  -  y (x ^ , A ) I - I dl (x ^ -x ^ )+ j  ̂ j  /  q ( t ) - A / /  y ( t ,A ) / d t  du
.  , d j  ( x , - x ^ ) : \ ( M + N ) e ( " + « ) ( ^ - ) ' p r  d t d u
2 /  x , ^  a
- I d /  (x ^ -x ^ ) + A(M+N) (b _ a )(x ^ -x ^ )
= B ( x ,-x ^ )
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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2
f o r  a  5 ^  b and / ^ N, w here B = /d /  + A (M+N)(b-a) (b -a )
(3) E s tim a te  f o r  y (x , ^ -  y (x , A ) .
(x , A) = o + d ( x -a )  + j  J ( q ( t )  -  A) y  ( t ,  d t  du , n = 1 , 2 , 3 , .  .X /-U
"""+1................................................- a ^ a
y  4 (x , A J  -  y^ (x . A ) = 0 ,
X r U
I y 2^^* % i)-y 2 (x , ^ q ) ] -  J  j  j ( q ( t ) - ) i ) y , ( t ,  A p -(q (t)rA ^y ^  (t,A ^  d t  du
-  [ (  I / q ( t ) - A j  ) y^ ( t ,  A ^)-y^ ( t .  A^)] + y ^ ( t , ? ^ ) J  d t  du
■^a a
-  I \ - \ I  A « (M + N ) (b -a )^ (^ _ ^ ^ 2
f o r  a  £ X £ b and ^ N, / A ^  N. %" re p e a t in g  t h i s  p ro c e ss  and 
a p p ly in g  th e  im m ed ia te ly  p rec ed in g  e s t im a te s ,  one e s t a b l i s h e s ,  by 
in d u c t io n ,  t h a t
|y „ ( x .  ; i , ) -y C x , A „ ) /  £
f  *g(M +N)(b-a) ; a , - a j
(M4̂  k s n  (2k ) /
f o r  a  X £. b  and /A ^/ £. N, -  N. C le a r ly ,
ffM +N X b-at^ , k .  ,(M + N )(b ^)A
= 1 k i
so
I y  (x , A -  y  (x , A ) /  £ 2 (M+N)(b-a) / A; -  A ,/
n 1 n o (m+N)
= C 1 -  Agi
f o r  a  X £ b and l7 I -  N, fAUl ^  N, w here C = (^-3-)
o ' m̂+n)
S in c e  th e  sequence ^ y ^ (x , A ) j  converges to  y (x , A ) f o r  a  6 x  & b and 
/ A / £ N, I y (x , A  ̂) -  y (x , A j ±  C / A ^ - A ^ /  f o r  a  ^  x  :£ b and 
-  N, /A^/ ^ N.
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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(4 ) E s tim a te  f o r  y (x ^ , 3 ^ )  -  y (x ^ ,
Suppose a  é  é. £ b . Then
I y(% i, -  y(x^. ̂  q) I 6 / y(x^ »  ̂ -  yCx., »  ̂  ̂ + /  yCx,.  ̂ /
f  c j a ,  -  ;î ^ |  + B (x^ -x^ )
-  D I / s , - V  +
f o r  a  £  X £. b and |A ^| é N, £ N, w here D = max. (B, C). Hence, we
co n clu d e  t h a t  y (x , > )  s a t i s f i e s  a  L ip s c h i tz  c o n d it io n  in  x  and 3
s im u lta n e o u s ly  i n  th e  re g io n  d e f in e d  by a  £ x  ^ b and I'X I £ N,
(5) E s tim a te  f o r  y" (x ^ , ‘X ) -  y" (x^ , >) ,
Suppose a  £ x^ £ x^ £  b . S ince  y " (x , ^ ) = (q (x )  -  %) y (x , À ) ,
)y " (X | » ^ -  y ” Cx^. ^  jq (x ^ )  -  % //  yCx-,, -  y (x ^ , ;i ) /
+ / q (% i) -  q (x ^ ) 1 1  y(% Q,^ ) /
'  (M+N) B + | q ( x , )  -  q ( x ^ ) i
f o r  a  e X £ b and / / £ N.
(6 ) E s tim a te  f o r  y '  ( x . , A ) -  y ' (x  , ) .
fX
Suppose a  6 x^ £ x^ .ac b . S in ce  y ’ (x , ^ ) = d + \ ( q ( t )  - A ) y ( t ,  j  ) d t ,
I y ' ( x , , ;i) -  y'(x^, > ) 1+ ( ' / ( q ( t )  - : ) ) / /  y ( t .a  ) /  dt
2
2  (M +N) A ^ M + M )(b _ a )
= E (x,-x^)
f o r  a  6 X 6 b and N, w here E i s  a  s u i t a b l e  c o n s ta n t .
(7) E s tim a te  f o r  y " (x , 3 ^ )  -  y ” (x , ^ q) .
S in ce  y " (x ,  > ) = (q (x )  -  î l) y (x , ^  ) ,
I y " (x ,  -  y " (x , A ^)i ^ / q ( x )  - ^ ^ 1 1  y (x , -  y (x , 5 /
+ /A, -  /  y ( x , j  o ) /
^  / , l l  -  :^o/ [  (M+N) C +  A j
ReprocJucecJ with perm ission of the copyright owner. Further reproctuction prohibitect without perm ission.
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2
f o r  a  i  X 1 b  and J^qI  ^  P^ /  ^  U, where F = (M+N) C + ,
(8 ) E s tim a te  f o r  y* (x , A -  y * (x , A ^ ) .
r X
S in c e  y* (x , A ) = d + j  y " ( t ,  A ) d t ,
/y * ( x ,  A^) -  y ' ( x ,  /  y"(%» -  y " ( t ,  A ^ ) /  d t
-  F (b -a )  / -  Aq /
f o r  a  i  X £ b and £ N, 17, I ^ N.
(9 ) E s tim a te  f o r  y* (x ^ , A  ̂) -  y* (x^ , A ^ ) .
Suppose a  £ x^ é x^ & b , then
/  y '  (x ^ , A  ̂) -  y* A ^) / é  /  y '  (x ^ , A  ̂) -  y* (x^ , Â )/ + /y ' (x^ .A ^^y ' /
-  E(x^ -  X , )  +  F  (b -a )  /A^ -  Ao/
-  G I (x^ '- x^ ) +  /  A ^ -
f o r  a  £ X £ b and £ N, £  N, w here G i s  a  s u i t a b l e  c o n s ta n t .
A lso , o b se rv e  t h a t  y '( x ,  A) s a t i s f i e s  a  L ip s c h i tz  c o n d it io n  i n  x  and ^
s im u lta n e o u s ly  in  th e  re g io n  d e f in e d  t y  a  £ x  £ b  and /  A / £ N.
The fo llo w in g  n o ta t io n  c o n ce rn in g  i n t e r v a l s  w i l l  be  employed 
th ro u g h o u t t h i s  t h e s i s ;  The s e t  o f  a l l  numbers x  such t h a t  a  c  x  b 
d e f in e s  th e  open i n t e r v a l  (a , b ) .  The co rre sp o n d in g  c lo s e d  i n t e r v a l
i s  w r i t t e n  [a., h] and c o n ta in s  a l l  x  w ith  a  & x  £ b . The n o ta t io n s  f o r
(a ,  b] and £a, b ) a r e  th e n  a p p a re n t .
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
CHAPTER I I  
CCMPARISON THEOREMS 
S e c tio n  I
H iis  c h a p te r  d e a l s  m ain ly  w ith  d i f f e r e n t i a l  e q u a tio n s  o f  th e  
form  y "  -  Gy = 0 , id ie re  G i s  any  c o n tin u o u s , r e a l-v a lu e d  fu n c t io n  o f  a 
r e a l  v a r i a b le  x , a  -  x  6 b .
We w i n  c o n s id e r  two d i s t i n c t  d i f f e r e n t i a l  e q u a tio n s  o f  th e  
above form  and compare th e  z e ro s  o f  t h e i r  s o lu t io n s .  Then th e  number 
o f  z e ro s  p o sse sse d  by a  s o lu t io n  to  such a  d i f f e r e n t i a l  e q u a tio n  w i l l  
be d e te rm in e d , and f i n a l l y ,  i t  w i l l  be shown t h a t  th e  system  
y "  + -  q ( x ) )y  = 0 .
y ( a )  = 1, y ' ( a )  = h , y '( b )  -  Hy(b) = 0 ,
w ith  th e  u s u a l  a ssum p tion  on 1 ,  h , H, and q (x ) ,  has a  s o lu t io n  f o r  
c e r t a i n  v a lu e s  o f  j .
The n e x t two theorem s from  e lem en ta ry  d i f f e r e n t i a l  e q u a tio n s  
th e o ry  w i l l  be employed in  th e  p ro o f o f  th e  sub seq u en t theorem s.
Theorem 2 .1 .  I f  4 ^ (x) and s o lu t io n s  o f
y" + P (x )y ' + 5 (x )y  = 0 , lA e re  P (x ) and £?(x) a r e  co n tin u o u s f u n c t io n s  on 
an i n t e r v a l  I ,  th e n  a  n e c e s s a ry  and s u f f i c i e n t  c o n d it io n  t h a t  3 ^ (x )  and 
be l i n e a r l y  in d ep en d en t on th e  i n t e r i o r  o f  I  i s  t h a t  th e  
W ronskian
W £û/ ^ 2 ? "
d , ( x )
(x ) o( gCx)
o f  o{^(x) and d 2 (^ )  be n o n -v an ish in g  on th e  i n t e r i o r  o f  I .
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Theorem. 2 .2 .  The d i f f e r e n t i a l  e q u a tio n  y "  + P (x )y ' + i? (x )y  = 0 , 
w here P (x ) and ^  (x ) a r e  co n tin u o u s fu n c t io n s  on an i n t e r v a l  I ,  s u b je c t  
to  th e  i n i t i a l  c o n d it io n s  y ( a )  = c ,  and y * (a )  = d ,  f o r  a  in  I  and 
a r b i t r a r y  c o n s ta n ts  c and d , p o s s e s se s  a  u n iq u e  s o lu t io n  on a  
s u b in te r v a l  o f  I  c o n ta in in g  a .
Theoran 2 .3  (S e p a ra tio n  Theorem), A n o n - t r i v i a l  s o lu t io n  o f  
y"  -  Gy = 0 c an n o t have an i n f i n i t e  number o f  z e ro s  i n  f a ,  h j .
P ro o f. Suppose a  s o lu t io n  y (x )  h a s  i n f i n i t e l y  many z e ro s  in
jk ,  b / .  Then, a c c o rd in g  to  th e  B o lza n o -W e ie rs tra ss  Theorem, th e r e
e x i s t s  a  l i m i t  p o in t  c o f  th e  s e t  o f z e ro s  o f  y (x )  i n  / a ,  b / .  In
p a r t i c u l a r ,  th e r e  e x i s t s  a  sequence such t h a t  o(  ̂ i s  i n  / a ,  b J ,  f o r
n = 1 , 2 , 3, . . . » f o r  n #  m, y (< ^) = 0  f o r  each n , and
= c . From th e  c o n t in u i ty  o f  ,y (x ) , i t  fo llo w s  t h a t  y ( c )  = 0 .
Now y '  (c )  -  l im  = o ,
 ̂ n ”  o
I f  y ( c )  = y ’ (c )  = 0 , th e  s o lu t io n  y (x )  i s  t r i v i a l ,  th e  u n iq u en ess
o f  th e  s o lu t io n  s a t i s f y in g  th e s e  i n i t i a l  c o n d it io n s .
Theorem 2 .4 .  The z e ro s  o f  two l i n e a r l y  in d ep e n d en t r e a l  
s o lu t io n s  (x) and y 2 (x ) ,  d e f in e d  on f a ,  ^ , o f  a  l i n e a r  second o rd e r  
d i f f e r e n t i a l  e q u a tio n  s e p a ra te  one a n o th e r ,  i . e . ,  betw een any two 
c o n s e c u tiv e  z e ro s  o f  one s o lu t io n  th e r e  e x i s t s  a  zero  o f  th e  o th e r  
s o lu t io n .
P ro o f . B ecause  o f  th e  l i n e a r  independence  o f  y^ (x) and ygC x), 
t h e i r  W ronskian d i f f e r s  from  zero  f o r  a  ^ x  ^ b . Suppose x^ and X2*
X.J < x ^ t  a r e  two c o n se c u tiv e  z e ro s  o f  y^ (x ) i n  {a, . I t  i s  t o  be
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shown t h a t  y^Cx) h a s  a t  l e a s t  one zero  i n  (x^ , x ^ ) .  Suppose 
h a s  no zero  In  [x ^ , x ^ J . T hat (x^ ^ 0 f  & consequence o f
th e  n o n -v a n ish in g  o f  th e  W ronskian o f  y ^ (x )  and ygCx) on / a ,  1 ^ .
Now y^ (x) and y^Cx) a r e  co n tin u o u s on /^a, b / ; h ence , u n der th e  above 
c irc u m s ta n c e s , ^1 i s  co n tin u o u s on jx , x^y . A pplying R o l l e 's
Theorem t o P l ^ ^ ^ / ,  we se e  t h a t
' y ^ ( x ) f  _ ygCx) yjC x) -  y ^ (x )  y ^ (x )
v a n is h e s  a t  l e a s t  once on (x ^ , x ^ ) .  But t h i s  i s  c l e a r ly  im p o ss ib le ;
h e n ce , ygCx) h as a t  l e a s t  one zero  on (x ^ , X2 ) .
Theoraro 2 . S. L et u (x )  and v (x )  be n o n - t r i v i a l ,  r e a l  s o lu t io n s  
o f  u "  -  G^u = 0 and v" -  G^v = 0 , r e s p e c t iv e ly ,  where Ĝ  and Gg a re  
r e a l - v a lu e d ,  c o n tin u o u s  fu n c t io n s  o f  x  on [ a ,  b J , n o t i d e n t i c a l l y  
e q u a l on any s u b in te r v a l  o f  [a , b ] , and Ĝ  2. Gg. Then, betw een ev e ry  
two c o n se c u tiv e  z e ro s  o f  u (x )  in  £a, l ÿ ,  th e r e  i s  a t  l e a s t  one zero  
o f  v ( x ) .
P ro o f. Suppose th e  c o n c lu s io n  i s  f a l s e .  M u ltip ly in g  th e  f i r s t  
e q u a tio n  by v and th e  second by u  and s u b t r a c t in g ,  g iv es
v u ” -  u v ” = (G  ̂ -  Gg) uv .
I n t e g r a t i o n  from x^ to  x^jVdiere x^ and x^ a re  c o n se c u tiv e  z e ro s  o f
u (x )  in  [a , b J , y i e ld s  ( u 'v  -  u 'u )  I ^  ~ ^  (G  ̂ -  Gg) uv dx .
Xi X̂
W ithou t l o s s  o f  g e n e r a l i ty ,  u  and v  may be assumed p o s i t iv e  on
(x ^ , X g). Then th e  r i g h t  s id e  o f  th e  above e q u a tio n  i s  p o s i t iv e ,
w h ile  th e  l e f t  s id e  i s  n o n -p o s i t iv e ,  w hich i s  a  c o n tr a d ic t io n .  Hence,
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V m ust v a n is h  a t  l e a s t  once in  (x ^ , X g).
Theorem 2 .6  ( F i r s t  Comparison Theorem). Suppose u (x )  and v (x )  
a r e  n o n - t r i v i a l ,  r e a l  s o lu t io n s  o f  u'* -  G^u = 0 and v" -  GgV = 0 , 
r e s p e c t iv e ly ,  w here and G^ a r e  r e a l - v a lu e d ,  co n tin u o u s fu n c t io n s  
o f  X on £a, b J ,  n o t i d e n t i c a l l y  eq u a l on any s u b in te rv a l  o f  / a ,  b J , 
and Ĝ  s  Gg on [a , h J , F u r th e r ,  suppose u (a )  4  0 , v (a )  0 , and
^  ^  Ç '1'̂ - . Then, i f  u  has ra z e ro s  on (a , b J , v has a t  l e a s t
m z e ro s  on (a , \>], and th e  i^ ^  zero  o f  v i s  l e s s  th an  th e  i^ ^  zero
o f  u , f o r  i  = 1 , , , , , m.
P ro o f . Suppose x ^ , Xg, x^ , . , . x^ a r e  th e  z e ro s  o f  u  in
(a ,  h] and a  <- x^ < Xg <■ . . , x^ £  b . Between two c o n se c u tiv e  z e ro s
o f  u  th e r e  e x i s t s  a t  l e a s t  one zero  o f  v . Suppose v has no z e ro s  in  
(a ,  x ^ ) .  As in  th e  p ro o f  o f  theorem  ( 2 .5 ) ,  we have
( u 'v  -  v 'u )  I = J  (G  ̂ -  Gg) u V dx.
There a re  f o u r  c a se s  to  be c o n s id e re d , depend ing  on th e  s ig n  o f  
u  and V i n  ( a ,  x ^ ) ,  b u t we w i l l  c o n s id e r  o n ly  th e  case  where u > 0 and
V > 0 on (a , x ^ ) ,  s in c e  th e  rem a in in g  c a se s  may be c a r r ie d  th ro u g h  in  
a  s i m i l a r  m anner.
I f  u  > 0 on ( a ,  x ^ ) ,  th e n  u '( x ^ )  <  0 , Hence,
( u 'v  -  v 'u )  I  ̂ = [ u '( x ^ )  v (x ^ ) -  v '( x ^ )  u (x ^ )y  -  / u '( a ) v ( a )  -  v '( a ) u ( a ) J
I a
= u '( x ^ )  v (x ^ ) -  [ u ' ( a )  v (a )  -  V  (a )  u ( a ) J ,
The f i r s t  te rm  on th e  r i g h t  i s  n o n -p o s i t iv e  i n  t h i s  c a se ; th e  t e r n  in  
b r a c k e ts  i s  n o n -n e g a tiv e , a c c o rd in g  to  th e  l a s t  h y p o th e s is  o f  t h i s  theo rem .
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Thus,
0 2: ( u 'v  -  v 'u )  I = J  (Gj -  G2 ) u  V dx  > 0 ,
T his i s  a  c o n t r a d ic t io n ,  and hence v m ust v a n ish  a t  l e a s t  once in  
( a ,  x ^ ) .  C onsequen tly , th e  i^ ^  zero  o f  v i s  l e s s  th an  th e  i ^ ^  zero  
o f  u .
Theorem 2 ,7  (Second Comparison Theorem). Suppose t h a t  u , v 
s a t i s f y  th e  h y p o th e s is  o f  theorem  (2, 6 ) ,  t h a t  c i s  a  p o in t  such  t h a t  
a  < c ^  b , u ( c )  t  0 , v (c )  0 , and u and v have th e  same number o f  
z e ro s  in  ( a ,  c ) .  Then *
P ro o f . I f  Xĵ  i s  th e  zero  o f  e i t h e r  u o r  v c lo s e s t  t o  c in  
( a ,  c ) ,  th e n  u (x ^ )  -  0 , a c c o rd in g  to  th e  l a s t  theorem . F u rth e rm o re ,
( u 'v  -  v 'u )  I  ~ f  (G  ̂ -  Gg) u  V dx .
^ i  ^ i
As in  theorem  ( 2 .7 ) ,  th e r e  a r e  f o u r  c a se s  to  be c o n s id e re d , b u t
we w i l l  c o n s id e r  o n ly  th e  c a se  where u > 0 and v > 0 on (x^, c ) ,  s in c e
th e  rem ain ing  c a se s  m%r be c a r r ie d  th ro u g h  in  a  s im i la r  m anner.
I f  u  > 0 on (x ^ , c )  and u(]q^) = 0 , th en  u '( x ^ )  >  0 . Hence,
( u 'v  -  v 'u )  I  -  £ u * (c )v (c )  -  v '( c )u (c )_ /  1 £ u '( x .  ) v ( x - ) J ,
u '( c ) v ( c )  -  v '( c ) u ( c )  -  u '( x ^ ) v ( x ^ )  = J  (G  ̂ -  Gg) u v dx, 
and
u 'C c )v (c )  -  v '( c ) u ( c )  = u '(x^ )v (X j^) + J  (G  ̂ -  Gg) u  v  dx.
C o n sid e rin g  th e  l a s t  e q u a tio n , th e  f i r s t  t e r n  on th e  r i g h t  i s  non­
n e g a t iv e ,  w h ile  th e  second terra  i s  p o s i t i v e .  Thus,
u '( c ) v ( c )  -  v '( c ) u ( c )  >■ 0 , and ^  , b ecau se  u  > 0 and v > 0
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on (x^ , c )  by  a ssu m p tio n . The c a se  o f  i n t e r e s t  to  u s  w i l l  be when c = b .
S e c tio n  H
Theorem 2 .8 .  The system  
y "  -  (q (x )  -  a ) y  = 0 , 
y  ( a )  = 1 , y ‘ (a )  = h ,
h a s  f o r  , a t  m ost n z e ro s  i n  [a , b j ,a n d  f o r  /)>
a t  l e a s t  n  z e ro s  i n  / a ,  b J ,  lAiere n > 1 , m̂  c  m -  rain. q (x )  on / a ,
> M = max. q (x )  on [a , b ] , and q (x )  i s  a  r e a l - v a lu e d ,  co n tin u o u s 
fu n c t io n  o f  X on £a, bJ »
P ro o f . C onsider th e  sy s to u s
( i )  y "  -  (ra  ̂-  A)y = 0 , y ( a )  = 1, y ' ( a )  = h ,
( i i )  y "  -  (q (x ) -  ;^)y = 0 , y ( a )  -  1 , y ' ( a )  = h ,
( i i i )  y" -  (M̂  -  > )y  = 0 , y ( a )  = 1 , y* (a )  = h .
I f  A < ra^, th e  s o lu t io n  to  ( i )  i s
y (x ,  A ) = s in h  /m^ -  A' (x -a )  + cosh  V ra^- A ' ( x - a ) .
Suppose a  < 0 f  b and y ( c ,  > ) = 0 . Then
ta n h  / râ  -  ( c - a )  = ~ ■ .
B ut ) ta n h  u j  ^ i  f o r  a l l  u , so > râ  -  h*.
Thus i f  < râ  -  h ^ , th e  s o lu t io n  to  ( i i )  h as  no z e ro s  on £a, b J .
When ^ 6 ra^, th e  s o lu t io n  to  ( i )  i s  a  l i n e a r  o r  h y p e rb o lic  f u n c t io n ,  
d ep en d in g  on w h e th er we have !̂  = m^ o r  ^ m ^ , and hence th e  s o lu t io n
to  ( i i )  h a s  a t  m ost one zero  on / a ,  bJ by theorem  (2. 6 ) ,  On th e  o th e r
hand , i f  râ  ^  ^  ^  1 * th e  s o lu t io n
y ( x ,  A ) = s i n / )  -  râ ‘ (x -a )  + cos -ra^ * (x -a )  to  ( i )  h a s  a t  m ost
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n z e ro s  on f a ,  h] and th e  s o lu t io n  to  ( i i )  has a ls o  a t  m ost n ze ro s  
on f a ,  bJ by theorem  ( 2 ,6 ) .  I f  ^  1 * th e  s o lu t io n
y ( x ,  I s in  /> -M  ̂ ' (x -a )  + c o s / T ^ Ç  (x -a )  to  ( i i i )  h a s  a t
l e a s t  n z e ro s  on f a ,  h ]  and th e  s o lu t io n  to  ( i i )  has a t  l e a s t  n z e ro s  
on f a ,  b7 by  theorem  ( 2 .6 ) ,  S ince  m̂  < m and >  M, we have t h a t  i f  
< m -h^, th e  s o lu t io n  to  ( i i )  has no z e ro s  on / a ,  h ] , A lso , i f  
^ < m , th e n  th e  s o lu t io n  to  ( i i )  h as  a t  m ost n z e ro s  on f a ,  h J ,
F in a l ly ,  i f  Ü\>M + , th e n  th e  s o lu t io n  to  ( i i )  h a s  a t  l e a s t  n
z e ro s  on f a ,  b j .
D e fin e  N(^) to  be  th e  number o f  z e ro s  on fa , b j p o sse sse d  by 
th e  s o lu t io n  to  th e  system  
y« -  (q (x )  -  ;ii)y = 0 , y ( a )  = 1 , y ' ( a )  = h .
From th e  p re c e d in g  d is c u s s io n ,  we have t h a t  N(%) i s  a  monotone 
in c r e a s in g  fu n c t io n  and , f o r  each  ^ , N(A) i s  a  n o n -n e g a tiv e  i n t e g e r .
Theorem 2 .9 .  T here e x i s t s  a  sequence o f  r e a l  numbers such 
t h a t  M(A) = 0 f o r  N(A) = i  + 1 f o r  ^  > ‘̂ ‘̂ +1
i  = Q;J.................and y (b ,x^ i^) = 0 f o r  i  = 0 , 1, 2, , . . . The number
i s  th e  l e a s t  u p p er bound o f  th e  non-em pty s e t  A^, where A^ i s  th e  
s e t  o f  r e a l  numbers such  t h a t  N(^) = i .
P ro o f . L e t A^ be th e  s e t  o f  r e a l  numbers such t h a t  M(A) = 0 .
A^ i s  non-em pty and bounded above ; hence  th e r e  e x i s t s  a  r e a l  numberyz^ 
such  t h a t / / ^  = l .u .b .A ^ .  C onsider y ( x ,> r ^ ) ,  v h e re  y (x , %) i s  a  s o lu t io n  
o f  y "  -  (q (x )  -  %) y  = 0 , y (a )  = 1 , y ' ( a )  = h .
Suppose th e r e  e x i s t s  a  c o n s ta n t  c , a  < c < b , such t h a t  y ( c ,  /« ^ )  = 0 ,
From e a r l i e r  r e s u l t s ,  we know t h a t  y (x , ;\ ) i s  c o n tin u o u s  in  b o th
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v a r i a b le s  to g e th e r ,  so lim  y (x , 1 ) = y ( x , / / ) .
When y (x ,  "̂  ) > 0 f o r  a  -  x  -  b , so y(x,y<^) = 0 .
Now y ( c , / 4) = 0 to g e th e r  w ith  y ( x , / k j  & 0 f o r  a ~ x  -  b and
a <  c <b  im p lie s  y '( c , ^ ^ )  = 0 , w h ile  y ( c , / ^ )  = y* = 0 im p lie s
a  t r i v i a l  s o lu t io n ,  c o n tr a iy  to  th e  e x p l i c i t  assum ption  t h a t  y (x , pi ) 
i s  n o n - t r i v i a l .  Thus, c i s  n o t i n  ( a ,b )  and N (/^ ) -  1. I f  ^ ,
th e n  N( ?i ) *  1 and y (x , A ) h as  a t  l e a s t  one zero  in  ( a ,b ] .
L et (7̂  = A^o + ^  , and l e t  s^  be th e  f i r s t  ( i . e .  l e a s t )  zero  o f
y (x , (T^) i n  ( a , b j .  From th e  f i r s t  Comparison Theoran
a  < s , < Sg^ . . . -  b . The sequence ^ s ^ j  i s  a  m onotone, bounded
sequence and h as a  l i m i t ,  say  , ^im ^  ®n “  and oi i s  i n [ a , b j .
Thus 0 = y(o( ,y { )  = l i ^  ^  y ( s ^ ,  cr^), by th e  c o n t in u i ty  o f  y (x , 1 ) ,
S in ce  o( canno t be in  ( a ,b ) ,  we have o{ = b and N(y^) = 1,
The s e t  i s  non-em pty, bounded above and below , and hence
th e r e  e x i s t s  a  r e a l  number such t h a t  l . u . b .  A^„ L et
so t h a t  lim  ^  and y (x , T ^) h as a t  l e a s t
two z e ro s  in  ( a ,b j .  L e t t^ ^  and t^ ^  be th e  f i r s t  and second z e ro s  o f
y (x ,  r^ )  i n  ( a ,b j .  From th e  F i r s t  Comparison Theorem
a  z. -  b , and a  -  b . L e t
and t^ ^  = /^ 2  . The c o n s ta n ts  and d i f f e r ,
f o r  suppose A  = Then th e r e  e x i s t s  t  , t , t  t, such  t h a t' ' t ^ on i n  on 2n
y » ( t^ ^ ,  T ^ ) = 0 ; t h i s  fo llo w s  from  R o l le 's  Theorem. C le a r ly
^  % n  = A  ^ = y ' ^  th e  c o n t in u i ty
o f  y* (x , ')i ) ,  From th e  c o n t in u i ty  o f  y (x , > ) ,  we have 
0 = l im ^ y C t^ ^ ,  = y ( ^ , /< y ) .  The s ta te m e n t y(/^,^> = y* = 0
im p lie s  a  t r i v i a l  s o lu t io n ,  c o n tr a ry  to  th e  a ssum ption  t h a t  th e
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s o lu t io n  i s  n o n - t r i v i a l .  Hence, ^  ^  , N ( ) -  2, and ^  .
L e t \p-ç^\ be an in c r e a s in g  sequence such t h a t
lira  . C le a r ly , N (/? ) = 1 f o r  a l l  n . I f  r  i s  th e  zero  o fn —> »  ( Xi \ f  Xi n
y (x ,  in  ( a , l ÿ ,  th e n , s in c e  y ( a , 0 , we have 
y (x , /° ^ )  < 0 f o r  r^  < X -  b . A lso 
0 ^  y ( x , -  y (x ,> tp  = y ( x , / / )  f o r  r^ ^  x  ̂  b .
The sequence  ^ r ^ j i s  a  m onotone, d e c re a s in g , bounded sequence so th e r e
e x i s t s  a  p o in t  T  , a  -i 2̂  < b , such t h a t  lira  r  = 3^, Then
0 = lira^ y ( r ^ ,  There e x i s t s  no zero  o f  y (x ,y ^ )  in
(a ,  y  ) n o r  ( / , b ) .  F o r i f  & i s  in  (a,g^) and y ( 6,y ^ )  = Oj th e n  
y (x , /Ç )  -  0 f o r  a<x and y ( 5 ,/^^) = 0 im ply  y ' ( S  ly^^) = 0 , c o n tr a ry  to  
th e  assu m p tio n  o f  a  n o n - t r i v i a l  s o lu t io n .  Suppose th e r e  e i s t s  an <~ i n  
(3 ^ ,b )  such  t h a t  y (  6 = 0 . Then th e r e  e x i s t s  a ^ s u c h  t h a t  'S  i s  i n
(2^ , 6 ) .  F u r th e r ,  th e r e  e x i s t s  an M such t h a t  i f  n > M, th en
V' c c  y ( x , /3 ^ )  h a s  no z e ro s  in  » and y (x ,y ^ ^ ) < 0  f o r
r^  < X 6 b . Thus, i f  n > M, y ( x , ^ )  -  0 f o r  T  -  x  -  b and =0,
c o n t r a d ic t in g  th e  a ssum ption  o f  a  n o n - t r i v i a l  s o lu t io n .  Hence,
-  2 . Combining -  2 w ith  N( -  2 and o b se rv in g  t h a t
y ( x , / 6̂ )  ^  0 f o r  a-^x-^^^or X=x < b , we a r r i v e  a t  th e  c o n c lu s io n  t h a t  
M /l ,)  = 2 and y ( b , ^ p  = 0 .
P roceed by in d u c t io n . L e t be th e  s e t  o f  a l l  r e a l  numbers
^  such t h a t  N ( ^ )  = i ,  i  = 0 ,1 ,2 ,  , , Suppose k i s  a  n o n -n e g a tiv e
i n t e g e r .  Suppose t h a t  A^ i s  non-em pty and bounded f o r  1 = 1 , 2 , ,  , , k . 
Suppose a l s o  t h a t  ± f  = l .u .b .A ^ ,  i  = 0 ,1 ,2 ,  . , . k , th e n
* • k» N ( ^ ^ )  = i  + 1, y ( b , / f ^ )  0 ,
1 = 0 ,1 ,2 ,  , , , k . Then i t  rem ains to  be shown t h a t  Â _̂  ̂ i s  non-em pty
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and bounded, and th a t  i f  = l . u . b ,  th en
^ / ^ k + r  = k + 2, and y(b,y^_|_^ ) = 0 . T his i s  e s ta b ­
l i s h e d  in  a  manner e n t i r e l y  s im ila r  to  th e  above d is c u s s io n .
Now i t  w i l l  be e s ta b l is h e d  th a t  th e  system 
y" + ( ^ -  q (x ) )  y  = 0 
y (a )  = 1 , y ' ( a )  = h , y '( b )  -  Hy(b) = 0
has a  s o lu t io n  y (x , A ) f o r  c e r ta in  v a lu e s  f o r  ^  , The e x is te n c e  o f a
s o lu t io n  to
y" + C > -  q (x ) )  y  = 0 , y (a )  = 1 , y " (a )  = h ,
f o r  every  ^  , h as been e s ta b l is h e d  in  th eo ran  (1. 1) ,
Now y (b , = 0 i f  and on ly  i f  ^  i  = 0 ,1 ,2 ,  . . . .
D efine F ( = .f o r  , i  = 0 ,1 ,2 ,  , , , .
Theoran 2 .1 0 . F( ) i s  a  co n tin u o u s, s t r i c t l y  d e c re a s in g  
fu n c t io n  in  each o f  th e  i n t e r v a l s ,  ( 
i  = 0 , 1, 2, . , . , such t h a t
lira  ,, . F( ^ ) = + CO , lira  F( lira  F( ) = + oo
-ÿy / / i~  ': -̂e. -oc?
i  — 0 , 1 , 2 , . . . ,
P roof, L et ^ . .  and /\ . .  be two r e a l  numbers such th a t
~  XI 1 2
^ ^ i f  ^ 12^  ~ 0 ,1 ,2 ,  . . From th e  Second
Comparison Theorem, we have F( ^  and, f u r th e r ,  because
o f th e  c o n t in u i ty  o f  y (x , "X) and y ' (x , ) in  ( / / ^ ,  - ^ i+ j^ *
i  = 0 , 1, 2, . . . ,  F( A) I s  con tinuous in  th e  same in te r v a l s .  L et
i ^ i n ]  ^ d e c re a s in g  sequence o f r e a l  numbers such th a t  
^ ^ ^  i ^ l * 1 ** 0 , 1, 2 , , , , , n — 1 ,2 ,3 ,  * , o, and
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^  s  i  = 0 ,1 ,2 ,  . . . .  Now i f  1 i s  even,
y ' (b , 0^ ^ )  <  0 and y (b , 0^ ^ )  < 0 f o r  l a r g e  n ; i f  i  i s  odd, th e  
i n e q u a l i t i e s  a r e  r e v e r s e d . But i n  e i t h e r  c a se  F( >  0 and
"^ in )  ~ ^ ~ 0 ,1 ,2 ...................  Hence 1 ^ ^ ^ +  F(;^ ) = + «»
f o r  i  = 0 ,1 ,2 ,  .  . , ,  S im i la r ly ,  i f  we d e f in e  an in c r e a s in g  sequence 
[ ^ i n ]  o f  r e a l  num bers such t h a t
^ i  ^  '^ in  < / ^ i + f = 0 , 1 , 2, . . . ,  n = 1 , 2 , 3 , , . . ,  and
lim  ~ , i  = 0 , 1 , 2 , . . th e n  lim  F({T ) = -  «» ,n xn XTf  ̂ n ^  xn
i  = 0 ,1 ,2 ................ Hence lim  F( > ) r  - «a f o r  i .  = 0 ,1 ,2 ,  , ,
A lso , i n  a  s im i la r  manner i t  can be shown t h a t  lim  F( 3 ) = -
C onsider th e  c a se  where , L e t m̂  ^ m = m in .q (x )  f o r
a  S X -  b , and compare th e  system  
y"  + (A  -  q (x ) )  y  = 0 , y ( a )  = 1, y ' ( a )  = h 
w ith
y" + ( A -  m̂  ) y  = 0 , y ( a )  = 1 , y ' ( a )  = h .
We have shown a lre a d y  t h a t  i f  A m  ̂ — h^, th e n  th e  s o lu t io n  c o r ­
re sp o n d in g  to  th e  l a s t  system  h as  no z e ro s  anywhere and th e  same i s  
t r u e  f o r  th e  s o lu t io n  c o rre sp o n d in g  to  th e  f i r s t  system . Thus, from  
th e  Second Comparison Theorem,
^  '
w here y (x , A ) and y (x )  a r e  th e  s o lu t io n s  to  th e  f i r s t  and second 
sy s tem s, r e s p e c t iv e ly ,  d e f in e d  a t  th e  b eg in n in g  o f  t h i s  p a ra g ra p h . 
But
y (x )  = cosh  -V -  A' (x -a )  + s in h  Vm^ -  1 ' ( x - a ) ,  so
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y* (b ) y  m, -  A* sinhV  ni, -X* (b -a )  + h cosh  V ïâ, -ï*  (b -a )
cosh -/ m  ̂ ^ ' (b -a )  + h s in h  -  A' (b -a )
_  V m , -  ta n h  V  m, -  jT" (b -a )  + h
1 + h ta n h  (b -a )
From th e  above, i t  i s  im m ed ia te ly  a p p a re n t t h a t  I m  oo y (b)^  = + co
Thus, s in c e F C ^ )  = . l i r a  F( ;i ) = + ^
T his com p letes th e  p ro o f o f  th e  theorem .
O bserve t h a t  s in c e  F ( A ) i s  a  c o n tin u o u s , s t r i c t l y  d e c re a s in g  
fu n c t io n  on ( -  Qg . X , )  and ( X i» X 'i+ ^ ) »  i- = 0 , 1 , 2 , . . . ,  th e r e
e x i s t s  a  sequence | o f  r e a l  numbers such t h a t
< ^ 0  * j. ^  ^ i  ^ i f f  * ^ "  0 , 1, 2 , . . «. and
F( A ^ ) = H, f o r  i  = 0 , 1 , 2, .  . . .  A2.so , i f  ^  ^  i =  0 , 1 , 2, .  .
th e n  F ( > ) ^  H. But t h i s  i s  j u s t  th e  second boundary c o n d it io n
y * (b ) -  H y (b )  -  0 ; h en ce , th e  e x is te n c e  o f  a s o lu t io n  to
y "  + ( ^ -  q (x ) )  y  = 0 ,
y ( a )  = 1, y * (a )  = h , y * (b )  -  H y (b )  = 0 ,
and a ls o  to  th e  system
y" + ( A -  q (x ) )  y  = 0 ,
y * (a )  -  h  y (a )  = 0 , y '( b )  -  H y (b )  = 0 , f o r  e x a c t ly  one A , 
o r  jM^ ^ l * i  = 0 , 1 , 2 , . . . , i s
e s t a b l i s h e d .  The v a lu e s  o f  A f o r  w hich th e  above system  h as a 
s o lu t io n ,  t h a t  i s ,  , . . . , a re  c a l le d  e ig e n v a lu e s ,
and th e  c o rre sp o n d in g  s o lu t io n s ,  y (x , 1^)» y(%, A , )» • • •» a r e  th e  
e ig e n fu n c tio n s  o f  th e  system .
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CHAPTER I I I
ESTIMATES FOR A AND u (x ) .n n
S e c tio n  I
C o n sid er th e  system s
( i )  y "  + C X -  q (x ) )  y  = 0
y (a )  = 1. y * (a )  = h , y ‘ (b ) -  H y (b )  = 0 ,
and
( i i )  y ” + ( A -  q (x )>  y  = 0
y ’ (a )  -  h y ( a )  = 0 , y * (b ) -  H y (b ) = 0 .
Any s o lu t io n  to  ( i )  w i l l  c e r t a i n l y  be a  s o lu t io n  to  ( i i ) .  Suppose 
u (x )  i s  a  n o n - t r i v i a l  s o lu t io n  o f ( i i ) .  Then i t  n e c e s s a r i ly  fo llo w s
t h a t  u ( a )  ^  0 , and i t  i s  a p p a re n t t h a t  w i l l  be a  s o lu t io n  to  ( i ) .
Hence, any  n o n - t r i v i a l  s o lu t io n  to  ( i i )  i s  a  c o n s ta n t  m u lt ip le  o f  a  
s o lu t io n  to  ( i ) .  P r e c is e ly  th e  same rem ark a p p ly  to  th e  system s 
y" + ( X -  q (x ) )  y  = 0 , y ( a )  = 1, y ' ( a )  = h 
and
y" + ( X -  q (x ) )  y  = 0 , y ' (a )  -  h y (a )  = 0 .
D e f in i t io n  3 .1 . Two f u n c t io n s  f ( x )  and g (x )  a r e  o rth o g o n a l on 
fb
j[a ,b J i f  \ f ( x )g (x )d x  = 0 , They a re  norm al o r  n o rm alized  on 
■̂ a
f a ,b j  i f  f  [ f ( x ) 7 ^ d x =  1 and ( [ g ( x ) J ^  dx = 1,
a  -^a
Two e ig e n fu n c tio n s  co rre sp o n d in g  to  th e  same e ig e n v a lu e  a re
l i n e a r l y  d ep en d en t. F o r, suppose u and v a r e  two e ig e n fu n c tio n s
c o rre sp o n d in g  to  th e  same e ig e n v a lu e  X „ Then u and v m ust s a t i s f y
21
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th e  follow ing cond itions:
n" + ( % -  q (x )) u = 0, u '( a )  -  h n (a) = 0, u '( b )  -  Hu(b) = 0. 
and
v" + ( % - q (x )) V = 0, v '( a )  -  h v (a) = 0 , v '(b )  -  H v(b) = 0 .
Consider th e  Wronskian of u and v evaluated a t  x = a.
Then W(u,v) = u '( a )  v (a) -  v ’ (a) u (a ) = 0, a f t e r  applying the  
boundary cond itions. Hence, u and v a re  l in e a r ly  dependent. Thus, 
th e re  i s  e s s e n t ia l ly  only one e igenfunction  assoc ia ted  w ith an eigen­
va lue .
Theorem 3 .1 . Two e igenfunctions corresponding to  d i s t in c t  
eigenvalues of th e  systan 
y" + (A  -  q (x )) y = 0
y» (a) -  h y (a) = 0, y '( b )  -  H y(b) = 0
a re  orthogonal on /a ,b j  ,
Proof. Suppose m ^ n. M ultip lying the  equation 
y"(x , -  q (x )) = o ,by  y(x,
and
y"(x , + ( 3^  -  q(x, = 0 by y(x , 7^^)
su b tra c tin g  and in te g ra tin g , we have
a
= j  I y "(x , y(x , -  y"(x , 'X^) y(x , J  dx
= %*) -  y '(x ,"X n) y (x , dx
j^y' (x, y (x , \ )  -  y ’ (x, 'X^) y(x , J b
a
=  0 ,
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a f t e r  a p p ly in g  th e  boundary c o n d it io n s .
Theorem 3 .2 . Every e ig e n v a lu e  o f  th e  system  
y "  + ( X -  q ( x ) )  y  = 0 , 
y ( a )  = 1» y ' ( a )  = h , y ' ( b )  -  Hy(b) = 0 
i s  r e a l .
P ro o f , Suppose th e r e  e x i s t s  a  A j  such t h a t
Aj = CT + i T , ^  0 . Then, i t  n e c e s s a r i ly  fo llo w s  t h a t  th e
c o rre sp o n d in g  e ig e n fu n c tio n  has th e  form  y (x ,% j) = s + i t ,  t  ^  0 , 
w here s  and t  a r e  r e a l - v a lu e d ,  co n tin u o u s  f u n c t io n s .  I f  t h i s  were
n o t th e  c a s e , we o b se rv e  upon w r i t in g  th e  e q u a tio n
y'* + ( A ' -  q ( x ) )  y  = 0 i n  th e  form  "X ■ 7  -  -  y" + q (x )  7
J J
t h a t  th e  l e f t  s id e  i s  n o n - re a l  f o r  a t  l e a s t  one v a lu e  o f  x , w h ile  
th e  r i g h t  s id e  i s  r e a l  f o r  a l l  v a lu e s  o f  x . T h is i s  a  c o n tr a d ic t io n ;  
h en ce , y (x , A j )  c a n n o t be r e a l  f o r  a l l  x . I t  m ust a ls o  s a t i s f y  th e  
system  u n d er c o n s id e r a t io n  so t h a t
d ^ s  , i  d ^ t  , ]~ + i  T  -  q (x)y  ^  s + i  t  7
E quating  r e a l  and com plex p a r t s  to  zero  y ie ld s  
+ [o' -  q (x )  J s -  T- t  = 0
and
d ^ t  
dx^ + [o' -  <i4x ) J t  + T:s = 0,
A pplying  th e  boundary  c o n d it io n s  g iv e s  
s ( a )  = 1 , s ' ( a )  = h , t ( a )  = t ' ( a )  = 0 , and 
s ' ( b )  -  H s (b )  = t* ( b )  -  H t(b ) = 0 .
A lso , th e r e  w i l l  e x i s t s  a  ^ ^ such t h a t  = CT -  xT , /  0
and th e  c o rre sp o n d in g  e ig e n fu n c tio n  h as  th e  form
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y (x ,  = s  -  i  t ,  t  0 . T his i s  r e a d i ly  v e r i f i e d  1?y u t i l i z i n g  
th e  im m ed ia te ly  p rec ee d in g  r e s u l t s .  Observe t h a t
\  ~ ^  j )  =  y ( x ,  =  y ( x ,  A  j  ) .
C o n sid e r
y ' ' ( x ,  % j )  +  ( j ' j  -  q ( x ) )  y ( x ,  =  o
and
y " (x , X - )  + ( T .  -  q (x ) )  y (x , % . )  = 0 .
J  J  J
A pplying  a  f a m i l i a r  te c h n iq u e , m u lt ip ly in g  b o th  e q u a tio n  by s u i t a b l e  
te r ra s , s u b t r a c t in g ,  and i n te g r a t i n g ,  we have
| y '  (x , ) j ) y ( x ,  -  y '  I  = J  y ( x ,^ ^ ) y ( x ,^ j )  dx .
The l e f t  s id e  i s  ze ro  upon a p p ly in g  th e  boundary c o n d it io n s ,  and th u s
rb rb
0 = I y (x , .)  y (x , A .)d x  -  \ ( s ^  + t  ) dx ,
a  J J ^ a
s in c e  ^  . .  But s  and t  a r e  c o n tin u o u s , r e a l-v a lu e d
f u n c t io n s ,  t h e r e f o r e ,  we m ust have  s = t  =  0 on / a ,b 7 .
T his i s  a  c o n tr a d ic t io n ,  s in c e  e v e ry  e ig e n fu n c tio n  i s  n o n - t r i v i a l .
Theorem 3.3» Suppose u  and v a r e  r e a l-v a lu e d  and n o n - t r i v i a l  
s o lu t io n s  o f  th e  system s 
u" -  G^u = 0 , u ' (b ) -  H u (b )  = 0 
and
v" -  G^v = 0 , v ’ (b ) -  H v (b )  = 0 ,
w here Ĝ  and G^ a r e  c o n tin u o u s , r e a l -v a lu e d  fu n c t io n s ,  Ĝ  > G  ̂
and G  ̂ G^ on any s u b in te r v a l  o f  [&,h]  . I f  p i s  th e  l a s t
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z e ro  o f  u  i n  f a ,b 7 , and i f  q i s  th e  l a s t  zero  o f  v  i n  / a ,b /  , th e n  
P  <  q .
P ro o f . Suppose v has no z e ro s  in  ( p ,b ) .  Observe t h a t  th e  
n o n - t r i v i a l i t y  o f  u  and v im p lie s  u (b )  ^ 0 , v (b )  ^  0 . M u ltip ly in g  
th e  f i r s t  d i f f e r e n t i a l  e q u a tio n  by v and th e  second by u , s u b t r a c t in g  
th e  r e s u l t i n g  e q u a t io n s , and in t e g r a t i n g  from  p to  b y ie ld s  
rb  l b  rb
] (u"v  -  v "u )dx  = ( u 'v  -  v 'u )  / = I (G -  G ) u  v d x .
' P J p  f =
C o n sid e r fo u r  c a s e s  f o r  p < x  < b :
( 1) u  > 0 , V > 0 , ( 3) u  ^ 0 , V > 0 ,
(2 ) u  > 0 , V 4. 0 , (4 ) u -c 0 , V 0 .
I ^For c a s e s  (1 ) and (4 ) ,  (u ’v  -  v ’u ) / -  0 , # i i l e
r b  ^
\ (G -  G ) u  V dx ?» a ;  f o r  c a se s  (2) and , ( 3)»
P
I ^  rb
( u 'v  -  v 'u )  / ^  0 , -while I (G  ̂ -  G ) u  v dx < 0,
'p  p
In  a l l  f o u r  c a se s  a  c o n tr a d ic t io n  a r i s e s ;  h en ce , th e  theorem  i s  
e s t a b l i s h e d .
S e c tio n  H
In  th e  se q u e l th e  i n t e r v a l  [ a , b j  w i l l  be  re p la c e d  by it]  . 
We suppose m  ̂ <. m = m in. q ( x ) ,  and > M = max. q (x )  f o r  
0 1 X -  W . An e s t im a te  f o r  w i l l  now be g iv en .
Assume t h a t  n & 2 , n > 1  + 3 l b J ^ n > 1  + ^ I HI j and
n > ^  -  2 m̂  . From theorem  ( 2 .8 ) ,  we have, f o r  n -  1 ,
m + (n-1 -  M + (n+1 )^ . C onsider th e  system
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( i )  y ”  +  U ^ - q ( x ) ) y  =  o ,  y (0 )  = l ,  y * (0 )  = h, y ' ( 7r )  -  H  y ( 7r )  =  0 
whose s o lu t io n  i s  d e s ig n a te d  by y ( x , a n d  th e  system
( i i )  y" + -  râ  ) y  = 0 , y ( 0 ) = 1 , y ' ( 0 ) = h .
S in c e  , th e  s o lu t io n  to  ( i i )  i s
y (x )  = COS X + ' " — s in   ̂ x  ,
L e t '=<, f and Pt * ^  th e  z e ro s  o f  y (x ,
and y ( x ) ,  r e s p e c t iv e ly ,  on fO,¥7* From th e  F i r s t  Comparison T heoran, 
o( S in ce  ^  i s  a  ze ro  o f  y (x )  on [OtTfJ  ,
0 = y ( /3| )  = cos /   ̂ J. -  "" s in
/^ n  -
/ t a n / ï ^  -  A  /  " h ; —  •
ïh e  c o n d it io n s  n > 1 + 3 / h | and & m + (n -1 Ÿ'
y i e l d  | t a n j >  3 .  From c o n s id e r a t io n s  o f  th e  g ra p h  o f
ta n  V  x , we a r iv e  a t  ^  g . from
= A )+  '= < n '/® n‘ « " = lu d e  t h a t  > ( n - | ) - ^ = ^ ^  ,
Now c o n s id e r  th e  s y s ta n  
y "  +  ( -  m^)  y  =  0 ,  y ( 7 T )  =  1 ,  y * ( 7 7 )  =  H
whose s o lu t io n  i s
y (x )  = cos V -  m '̂ (iT  -  x )  -  ========;—  s i n / ^  -  m̂  ' ( t t -  x ) ,
'  n “
f o r  3)^ > , and has z e ro s  ^  ^  ^  , . . . ^  in /b ,7 T 7
Suppose th e  l a s t  zero  i s  a t  3^ . From theorem  ( 3 . 3 )  <^■^<■'^ '^77  «
and s in c e  ^  i s  a  z e ro ,
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0 = y ( ^ )  = cos ' ( t t  s i n / ^  -  m̂ ' (T  - ^ ) .
V 4  -  m?
Hence,
tan (TT-^) -  ( y . p  >  1 ^ 2 : -----
A T ’
a f t e r  a p p ly in g  th e  argum ent used  in  showing t h a t  ^  ^  —,.2C~ •
From n > ^  -  2 m^, and th e  e s t im a te s  f o r  of^ and 7T -^  , i t  fo llo w s
t h a t  T > ( 7 T  - $ )  + oL >  ( n - i )  - ...__.T
/  \  -  ” >
and c o n se q u e n tly  >  ( n - i ) ^ .
Now assum e t h a t  n > 2 M ^ -  n > 1  +Vm^ -  + 9 h^' ,
and n > 1 + V  + 9 , C onsider th e  system
y "  + ( -  q (x ) )y  = 0 , y (0 ) = 1, y ' ( 0 ) = h , y ' ( 7 7 )  -  H y ( 7 r )  = 0
whose s o lu t io n ,  y (x , h as  z e ro s  (T , . (T^, i n  [ O t V j  ,
and th e  system
y "  + -  M^) y  = 0 , y  (0 ) = 1. y  ' (0 ) = h
whose s o lu t io n  i s
y(x) = 00s y > -  m' x + ** s in  /  % -  K' x .
-  « ,
and h as z e ro s  9̂  , 7^ , . . . k -  n , on i o , i r J  , Two
c a s e s  a r e  c o n s id e re d . I f  n > k , th e n  TT ;
^  ' / f ÿ  ■ /ft" ° ' " "
%n < " ,  + < (n +  1)1  f o r
n > 2 M, - Q .  I f k = n ,  th e n , from  n > 1 + ' /  -  m, + 9 h^]7 0  1 7
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+ (n -  1 )^ , and
0 = y ( l ; )  = cos y -  M/ 7; + ,:._ „ !L .^  s in  /  ^  ' 7;  »
’ n f
we o b ta in  )  — —  —r i  T. < J  — IE -------  .
F in a l ly ,  c o n s id e r  th e  system
y " + (X -  M ) y  = 0 , y ( i r  ) = 1, y ’ (7T) = H n 1
whose s o lu t io n  i s
y (x )  = cos y -  M ' ( tt -  x ) -  ' s in  ' ( tT -  x ) ,
/^ n  -
f o r  and h as z e ro s  ^  » • • . i n
Suppose ^  i s  th e  l a s t  zero  i n  [0,7t] ,  A pplying theorem  (3®3) and
u s in g  th e  i n e q u a l i t i e s  + (n -1 ) and n > 1 + /  + 9 ,
we o b ta in  x^ < TT ,
0 = y ( f ^  = cos J \  (IT - ^ )  -  ^  s in  ‘ ( f
/-^n ^ 1
t a n  (F  -y ^ )  = ^  » and
m
I--.J -1 > 3. Since  ta n  -  M̂ ' (F ) > 3» th en
o ^  ^  IT -  A.  < o ' ^ ---- - . From th e  i n e q u a l i t i e s
’ and
f
lT
—r -j"--   — , i t  f o llo w s  th a t
F  -  ( è  + n -  1 ) -----ZT—  ̂ cr < 1  ^  , , s o lv in g
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t h i s  l a s t  i n e q u a l i ty  f o r  we a r r i v e  s u c c e s s iv e ly  a t  
(n  + ^)7T  ^ 1 1
TT q' J "X^ < + (n + , and f i n a l l y .
c  (n + , a f t e r  o b se rv in g  t h a t  n > 2 “ 3 '
S e c tio n  I I I
D e f in i t io n  3 .2 . The n o ta t io n  a  = (b ) means th e r e  e x i s t s  " —  n n
a  p o s i t iv e  i n t e g e r  N and a  p o s i t iv e  number K such t h a t  }a^ | -  K j b ^ | 
w henever n > N. S im ila r ly  f ^ ( x )  = (P (g ^ (x ))  means th e r e  e x i s t s  a  
p o s i t iv e  i n t e g e r  N and a  p o s i t iv e  i n t e g e r  K such t h a t  
| f ^ ( x )  / f- K j g ^ (x ) j  f o r  a l l  x  i n  th e  domain o f  d e f i n i t i o n  o f
f ^ (x )  and g ^ (x ) w henever n > N,
D e f in i t io n  3 .3 . A f u n c t io n  f ( x )  d e f in e d  on ( a ,b j  i s  o f
bounded v a r i a t i o n  on £ a ,b j  i f  th e r e  e x i s t s  a  p o s i t iv e  number K
such t h a t  i f  a  = Xq < Xj < , . . x^ = b i s  an a r b i t r a r y  s u b d iv is io n  
o f  £ a ,b ? , th e n  ^  I  f  (x. ) -  f ( x .  ) |  < K,
i  = 1 ^  1- '
A sim p le  and u s e f u l  c r i t e r i o n  f o r  bounded v a r i a t i o n  i s  th e  
fo llo w in g  : A fu n c t io n  f ( x )  d e f in e d  on £a,b7 i s  o f  bounded v a r i a t i o n
th e r e  i f  and o n ly  i f  i t  i s  r e p r e s e n ta b le  a s  th e  d i f f e r e n c e  o f  two 
monotone in c r e a s in g  fu n c t io n s  on £ a ,b j  .
S e c tio n  IV
In  th e  su b seq u en t m a te r ia l  a  b e t t e r  e s t im a te  f o r  i s  g iv en ,
s tw here i s  th e  n + 1  e ig e n v a lu e  o f  th e  system  g iv en  below . The
system
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y " + ( >  -  q (x ))y =  0
y (0 )  = 1, y ' ( 0 )  = h , y * (7 r )  -  H y ( 7r )  = 0 ,
w here q (x )  i s  a  r e a l - v a lu e d ,  co n tin u o u s  fu n c t io n  o f  bounded v a r i a t i o n  
on fo ,t r7  , h a s  a  s o lu t io n  o n ly  f o r  c e r t a i n  v a lu e s  o f  A . The 
s o lu t io n  o f  th e  above d i f f e r e n t i a l  e q u a tio n  s u b je c t  to  th e  i n i t i a l  
c o n d ito n s  y ( 0 ) = 1 and y ' ( 0  ) = h i s ,  f o r  A > 0 ,
y (x ,  A ) = cos X + s i n / ?  x  + -p—  [ s in V ? ( x - t ) q ( t ) y ( t ,A ) d t .
{a V a  ^  o
Im posing th e  second boundary c o n d it io n  y * ( 7r )  -  H y ( 7T ) = 0 and
a p p ly in g  L e ib n iz 's  R u le , g iv e s
0 = y ' ( t r ) -  H y (-rr)
= -  j  fs in /7  t  -  cos/? t )q(t)y(t ,A )d^sin /ITt
+ -  H + J "  (cos / ?  t  + s in  t ) q ( t ) y ( t ,  A ) J  cos / ? . t  .
Hence „
h  -  H + \ (co s v T  t  + — s in  / ?  t j q ( t ) y ( t ,  A )d t
ta n  /?7T  = ----------------- 12---------------------- G -----------------------   .
/T  -  + J"*^(sin /T t-  ^  cos/?  t)q(t)y(t,3)dt
S in c e  th e  system  u n d e r c o n s id e ra t io n  h as a  s o lu t io n  i f  and o n ly  i f  
A i s  an e ig e n v a lu e , th e  l a s t  e q u a tio n  i s  s a t i s f i e d  i f  and o n ly  i f
A i s  an  e ig e n v a lu e . The boundedness o f  y ( t ,  on [Of i r]  can be
i n f e r r e d  from  i t s  c o n t in u i ty  on [q ,1tJ  « Suppose i s  th e  l e a s t  
u p p e r bound o f  y (x , A _) on fo ,7 r7  ; th e nn
1
/ y ( x ,  A ^ ) /  ^ (1 + h^  y  + ( l q ( t ) / d t ,
( f 7  K
t h i s  fo llo w s  from  th e  e x p re s s io n  f o r  y (x , A ^ ), and f i n a l l y ,
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f o r  / q ( t ) /  d t j  , Thus, = 1 + 0  ( ^ ) ,  and th e r e  e x i s t s
a  c o n s ta n t  K such t h a t  f o r  n > K, jy (x#A ^)| -  2 f o r  a l l  x  i n  [Oj 'tt]  .
I n  v iew  o f  th e s e  l a s t  r e s u l t s ,  th e  e x p re s s io n  f o r  tan/Â ^TT  i s
such  t h a t  i t s  n u m era to r i s  o f  th e  o rd e r  o f  / ^ .  So, f o r  s u f f i c i e n t l y  
l a r g e  n , / ta n  f o r  a  s u i t a b l e  c o n s ta n t  c . L e t
-  n . Then, s in c e  -  n | < ^  f o r  l a r g e  n , i t  fo llo w s  t h a t
|o (n l < \  f o r  l a r g e  n . Hence,
i r  I ^  / tan  = )ta n (n +  o(^)T / = / ta n  ^
f o r  l a r g e  n . Thus o(^ = 0 (~ ) and \/T ^ = n + 0 (” )-
W ith th e  a id  o f  two e a s i l y  e s ta b l is h e d  r e s u l t s ,
cos X = cos n X + O(^) and s in  i/J ^  x  = s in  n x  +  0 (^3 ,
A
we s h a l l  conclude th a t  y (x ,  A ) = cos n x  + 0(;r).n ' 'n '
S u b s t i tu t in g  th e  e x p re s s io n s  f o r  y (x , c o s / T ’̂ x *  and
s i n  V " ^  X i n to  th e  e q u a tio n  f o r  ta n  ̂  t  y ie ld s
h -  H + f  q ( t )  cos^n t  d t  + 0 (“ )
ta n  TT =
r t r  1
n -  ^  j  q ( t ) s i n  2 n t  d t  + 0 (—)
*̂ o
h -  H + i  J " ^ q ( t ) d t  + f  J" q ( t )  cos 2n t  d t  f  O (-)
1J  q ( t ) s i n  2 n t  d t  + 0 (—)
S in ce  q ( t )  i s  a  r e a l - v a lu e d ,  co n tin u o u s  fu n c t io n  o f  bounded v a r i a t i o n  
on I o ,t 7 , we may ap p ly  th e  Second Mean Value Theorem f o r  I n t e g r a l s
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to  q ( t )  cos 2 n t  d t  and J '  q ( t )  s in  2 n t  d t
o o
4
t o  e s t a b l i s h  t h a t  th e s e  i n t e g r a l s  a r e  eq u a l to  0 (—)»
So f i n a l l y ,  we conclude  t h a t
ta n  ‘TT = + 0 (^2 ) ,  where d = h = h  + i  J  q ( t ) d t .
o
Ety a  p ro c e s s  s im i l a r  to  th e  one anployed  in  e s ta b l i s h in g  t h a t
-J
o(n = 0 (—) ,  we a r r i v e  a t
%  = 5 T  + '
and hence 
and
y ( x , l ^ )  = cos "X + n ÿ  + h + f j "  q ( t ) d t j s i n  nx + 0 (^^) .
H iis  l a s t  fo rm u la  fo llo w s  from
y (x .; i^ )  = ÛOS X: + ^  s in  x  j* s in  ( x - t ) q [ t ) y ( t ,  A ^ )d t,
a f t e r  i s  re p la c e d  by i t s  new v a lu e .
Now c o n s id e r  th e  n o rm a liz a tio n  o f  th e  above o rth o g o n a l 
e ig e n fu n c t io n s .  The problem  i s  to  d e te rm in e  a c o n s ta n t  c^ , f o r  each n 
such t h a t
r7T
u (x , :^ )  -  ) J  dx = 1 and u ( 0 , ^ )  > 0 ,
1 = j j j u ( x .> ^ ^ ) ] ^ d x  
= On
= =n F t  +
f o r  n & 1 , u s in g
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X
y (x ,A ^ ) = cos nx + ^  + h + | - J "  q ( t ) d t j s i n  nx + 0 (~ i)o
I t  fo l lo w s  q u i t e  r e a d i ly  t h a t
°n  = f r  *  ^
\ )  = j l '  |o o s  nx  + I  [ " ^  + h + & j  q ( t ) d t j s i n  n x j  + O ( ^ )
f o r  n i  1 , A lso , o b se rv e  t h a t  iv.(0,A^) > 0 , The fu n c t io n s  
form  an o rth o n o rm al system  on £o ,t /  .
S e c tio n  V
The problem  m igh t a r i s e  a s  to  w hether a g iven  fu n c t io n  f ( x )
d e f in e d  on £o , t J  i s  c ap a b le  o f  be ing  re p re s e n te d  by a  s e r i e s  o f  th e  
eo
form  >  c u (x , X )» I f  so , how m ust th e  c o n s ta n ts  c be 
n S -D  "  ^  "
d e f in e d ,  and w hat convergence  p r o p e r t i e s  does th e  s e r i e s  have? T h is
p ro b la n  i s  s im i la r  to  th e  problem  o f expanding an a r b i t r a r y  fu n c t io n
i n t o  a  F o u r ie r  s e r i e s .
Suppose f ( x )  h a s  a  co n tin u o u s  f i r s t  d e r iv a t iv e  o f  bounded
s t
v a r i a t i o n  on [0 ,7T / . C onsider ^  a ^ u (x ,^ ^ ) ,
n = 1
r TTw here a^  = J  f  (x )u (x ,A ^ )d x  and u (x , X^) i s  th e  n + 1 
o
n o rm alized  e ig e n fu n c tio n . F o r con v en ien ce , l e t
0 (x ) = + h + 2 [  q ( t ) d t .
TT J  Q
r j r
a^  = J  f (x )u (x ,X ^ )  dx
= / f ( x )  cos nx + s in  n x jdx  J  + 0 ( ^ i )
Now
Z /  !>
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and
TT* i  fJ  f ( x )  cos nx dx = -  -  I f ' (x) s in  nx dx
IT
o "  ^  o
f o r  n -  1, a f t e r  i n t e g r a t i n g  by p a r t s .  U sing th e  bounded v a r i a t i o n  
p ro p e r ty  o f  f  ' ( x ) ,  we may w r i te  f ' ( x )  = (x ) -  ^  (x ) ,
w here c< (x ) and ^  (x ) a r e  p o s i t iv e  monotone f u n c t io n s .  A pplying 
th e  Second Mean V alue Theorem f o r  I n t e g r a l s  y ie ld s
r i r
J  f ' ( x ) s i n  nx dx = (0 ) J  s in  n x d x + o i( T T )  j s in  nx dx
o o “'v
.  r \  c
-  (0 )  J  s in  nx dx -  yS (TT) J
IT
s in  nx dx
X
= 0(1).
w here and a r e  i n  lQ„l f jo  A lso 
f ’̂ f (x ) (« (x )s in  nx dx = s l - f e M l s I î a l J g . /  ( x ) j l ( x ) j 'c o s  nx
= 0 (1 ) .
1Thus, we co n clu d e  t h a t  a^  = 0 (—̂ )= There e x i s t  c o n s ta n ts  K and M 
such  t h a t  j a ^ j  -  f o r  n * 1, and / u ( x , M ,  The l a s t
i n e q u a l i t y  i s  v a l i d ,  s in c e  u (x ,A ^) = c^ y (x , where
Cn ~ + 0 ( ^ 2) and y (x ,A ^) i s  u n ifo rm ly  bounded on [O ttr] „
00
>  ^  i s  c o n v e rg e n t, an d , a c c o rd in g  to  th e  W e ie rs tra s s
n 5 - 1  " 00
Com parison Theorem, y  a  u (x ,A ^) converges u n ifo rm ly  to  a
n ^ O  "  "
c o n tin u o u s  f u n c t io n ,  say  g ( x ) ,  on [O,TtJ , Thus 
a^  = f  (x )u (x ,'X ^)dx ,
-TT 
o
and
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o 1 = 0
f T
~ J  2 ___  a ^ u (x ,^ ^ )  u(x,?i^)cLx
= J  g (x ) u (x ,^ ^ )  dx ,
o
Hence, J " ^ [ f ( x )  -  g (x )J  u (x ,^ ^ )  dx = 0 f o r  a l l  n , 
o
From th e  co m p le ten ess p ro p e r ty  o f  th e  e ig e n fu n c tio n s  w ith  r e s p e c t  to  
th e  c l a s s  o f  c o n tin u o u s  fu n c t io n s  on , which w i l l  be e s ta b l is h e d
s h o r t l y ,  i t  w i l l  be p o s s ib le  to  conc lude
-£g _ .
f ( x )  = g (x )  fo r  0 -  X  -  TT g and hence f ( x )  = ^  a^u(x,A^), fo r
n = 0
X ±  IT
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CHAPTER IV
JCEMIMAL PROPERTY" OF THE EIGENFUHCTIONS .
L e t C be th e  c l a s s  o f  fu n c t io n s  which have co n tin u o u s second 
d e r iv a t iv e s  on [ o ^ t ]  and s a t i s f y  th e  c o n d it io n s
Q / y ‘ ( x l /  dx  = 1, 
Every fu n c t io n  o f  th e  c la s s  0 i s  c a l le d  an a d m is s ib le  f u n c t io n .  
D e fin e  J ( y )  a s  fo l lo w s :
J ( y )  = J ly * (x )7 ^  + q (x )  [y (x )7^ d x  « y» (x )y (x )  5
o b se rv e  t h a t  t h i s  i s  a ls o  e q u iv a le n t  to  
J ( y )  = J g  y (x) ^ -  y " (x )  + q (x )  y ( x ) J  dx.
One r e f e r s  to  J (y )  a s  a  f u n c t io n a l ;  by t h i s ,  one means a fu n c t io n  
whose domain i s  th e  s e t  o f  a d m is s ib le  fu n c t io n s  and whose ran g e  i s
a s e t  o f  r e a l  num bers. An im p o rtan t p ro p e r ty  i s  g iven  by th e
fo llo w in g  theorem .
Theorem 4 .1 .  There e x i s t s  a  K such  t h a t  i f  y  i s  i n  C, th e n  
J ( y )  t  K.
P ro o f . To e s t a b l i s h  a  lo w er bound f o r  J ( y ) ,  e s t im a te s  f o r  
th e  te rm s
|y* (x)J ^ dxp q (x )  [ y ( x > ]  ^ dx , and y '( x ) y ( x } / J "
w i l l  be  g iv en . Now f y '  (x )]  ^ dx -  0 , and , from  th e  F i r s t
Mean V alue Theorem f o r  I n t e g r a l s ,
J ’lr
, - - - , . o [y (x ) J  ^ dx  ^ L,
w here 0 6 ^  -  TT and L = max. jq ( x ) | f o r  0 -  x  ^  IT . C le a r ly
I y ' ( x ) d x  I =  I y ( J )  =  y  ( 0 )  I
36
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U sing th e  Schwarz I n e q u a l i ty ,  we have 
| y ( 0 ) - y ( | ) |  i  d x ]  ^
-  [ y * ( x ) j  ^  d x j  "2
f o r  0 -  ^  < t  TT , and
/ y ( o ) |  Ï  | y ( S ) /  + f t  2 a x j * .
I t  i s  p o s s ib le  to  choose  5  i n  ^ o , t J  such t h a t  
j y ( l  )  I -  t ” 2 , I f  t h i s  were n o t th e  c a se , th e n  i t  would
fo l lo w  t h a t  y (x )  > t ”  ̂ f o r  0 » x  -  t  and
J q [ y ( x )  j  ^ dx  > J  ^ f y ( x ) ] ^  dx > 1,
b u t t h i s  i s  a  c o n t r a d ic t io n .  Thus,
/ y ( o ) )  -  S •
2I f  th e  i n t e g r a l  i n  th e  b ra c k e ts  exceeds 77 "  , l e t
= [ S o  f y '( x ) 7  ^ dx J
o th e rw is e  l e t  t  = TT , In  th e  f i r s t  c a se
I y ( 0 )  I -   ̂ [ So (x )7   ̂ d x  J  ^ ,
i n  th e  second c a se  / y ( 0 ) /  = 2 TT . C o n sid erin g  th e  i n t e g r a l
/• r  r n 2
J  [ y ' ( x ) j  dx and a p p ly in g  an argum ent s im i la r  to  th e  one above, 
we a r r i v e  a t  p r e c i s e ly  th e  same r e s u l t s  f o r  y ( i r )  in s te a d  o f  y (0 )„  
Combining th e  v a r io u s  r e s u l t s  o b ta in e d  so f a r ,  one conc ludes t h a t  
/ H y ^ (T )  -  h y ^ (0 )  I ^  ^  [1 h | + 1 h i j  [  [y* (x )7  ^ dx J  ^
f o r  f j "  [ y '  (x ) 7 ^ dx > TT , and
j H y ^ (? r  ) -  h y  ( 0 ) 1  ^  ^  [ j h /  -h I h i ]
f o r  [ y ' ( x ) 7 ^  dx ^  i r " ^ ,  w here y* (x )y (x )  /^  = H y^{7T )-h y ^ (0 ) ,
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
38
s in c e  y  i s  in  C. Thus
J ( y )  -  -L  -  p  I^ /h / + / h i j  f o r  [ y ’ ( x ) J ‘̂  dx -  17 ~ ^  ,
and
J ( y )  ” X  ^ dx -  L -  ^ ^ / H / + / h  jIISq [y* (x )7 ^  dx J  ^
f o r  X  /y * ( x ) 7 ^  dx  > • I f  u = [y* (x)  J ^ d x  i n  th e  above
i n e q u a l i t i e s ,  th e n  J ( y )  becomes 
J ( y )  -  u ^  -  L -  4 [ / H /  + /h / ] u
-  -  | l  + 4  I^Ih I + I h l )  j  ,
f o r  7 7 ^ [ y '  ( x ) J  dx > TT ^ , a f t e r  com pleting  th e  sq u a re  and 
d i s c a r d in g  th e  n o n -n e g a tiv e  p a r t .  Hence, in  e i t h e r  c a se , J ( y )  i s  
bounded below .
Theorem 4 .2 .  C onsider th e  system  
y "  + (A  -  q ( x ) ) y  = 0 
y ' ( 0 ) -  h  y (0 ) = 0 , y ' C r )  -  H y (7T) = 0 .
I f  R = g . l . b ,  J ( y ) ,  where th e  g r e a t e s t  low er bound i s  tak e n  o v e r  a l l
a d m is s ib le  f u n c t io n s ,  th e n  R = b e in g  th e  s m a lle s t  e ig e n v a lu e
o f  th e  above sy s te m .
P ro o f . Note t h a t  R s in c e  J(y© ) = , where y^Cx) i s
th e  n o rm alized  e ig e n fu n c tio n  c o rre sp o n d in g  to  . Suppose R < A*, 
th e n  R ^ k  = 0 ,1 ,2 ,  . . . ,  where i s  th e  k + 1®  ̂ e ig e n v a lu e
o f  th e  above system . L e t u ^ (x ) ,  Ug^(x), . . .  be a d m iss ib le  fu n c t io n s  
such  t h a t  J (u ^ )  < R + and 1 ^ ^  J (u ^ )  = R .
The r e s u l t s  o f theorem  (4 .1 )  a r e  a p p l ic a b le  to  th e  fu n c t io n s  
u ^ ( x ) ,  n = 1 , 2 , 3 , . , . , so t h a t
[ u 'n ( x ) ] ^  dx  ^ (R + 1) + L + 4 [|H /-h /h /J^/[U ji;(x)J ^ d x j ^
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-Tr
f o r  S q  f u '^ ( x ) ]  ^ dx > 7 7 * ^ ;  o th e rw ise  (x ) J  ^ dx -  77 “ *2^
I t  i s  r e a d i ly  e s ta b l is h e d  t h a t
I  "^o ^ x j  ^  1  4  [  /H/ + / h / J + J / r / + L +
f o r  [ u * ^ ( x ) J ^ d x  > 77 ,
The sequence  o f  f u n c t io n s  ^ u^(x]^  i s  u n ifo rm ly  bounded on [o , tt]   ̂
f o r ,  c l e a r l y ,  fu '^ C x )/* ^  + 1  5  u '^ ( x ) .  From
/ / I u * ^ ( t ) d t  1 , i t  th en  fo llo w s  th a t
I n ^ ( x )  -  u ^ ( 0 ) I 6  X r / / “ 'n C x )7 ^  + 1 j  dx
^  p t  ( ) H |  + ( h i )  + ('/r I + L + 1 )*  J  + 7T
f o r  f u ' ^ ( x )  ]  ^d x  ; o th e rw ise  -  u ^ (0 )  j 6  F  + TT
f o r  0 -  X ^ TT . L e t u ^ (x )  = c^ + y ^ ( x ) ,  vriiere c^ = u^^O)
and ^ ( x )  = u ^ (x )  -  u ^ ( 0 ) .  There e x i s t s  a  c o n s ta n t  K such t h a t
|7 f^ (x )  I -  K f o r  0 -  X  -  IT and f o r  a l l  n . The sequence o f  
c o n s ta n ts   ̂ c^ j i s  a ls o  u n ifo rm ly  bounded. F o r, suppose t h i s  
w ere n o t  s o . Then th e r e  e x i s t s  an m such t h a t  / o ^ |  6 K + 2.
S in c e  u  (x ) -  c + (x ) ,  / u (x ) j 2  |c  J  -  | ^ ( x ) | ,  and hence
[ u ^ ( x ) /  > 2 . T h is  to g e th e r  w ith  th e  n o rm a lity  o f  u ^ (x ) g iv e s  
1 = [\x^(x) ' J^  dx Î  4 TT , w hich i s  a  c o n tr a d ic t io n .  Hence,
th e  sequence  /  i  u n ifo rm ly  bounded. C onsequen tly , th e  sequence 
o f  f u n c t io n s  ^ u ^ (x )]  i s  u n ifo rm ly  bounded f o r  0 -  x  -  7T .
D efin e  a  sequence o f  f u n c t io n s  | f ^ ( x ) j  by th e  e q u a tio n s  
^ "n  + (R "  q ( x ) )  %  = f ^  , n = 1 ,2 ,3 ................
M u ltip ly in g  th e s e  e q u a tio n s  by u  and i n te g r a t i n g  from  0 to  IT y ie ld s
TP*
% ( x )  [u « ^ (x )  + (R -q (x ))u ^ (x )Jd x  = -  J o  u^ (x )^u«(x )+ q(x )U jjC x)Jdx+ R
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r  (3c)u (x )dx , 
o *1 **
o r  e q u iv a le n t ly ,
R -  J (u ^ )  = j j  f j^ (x )u ^ (x )d x .
f  f ^ ( x ) u ^ W d x  = 0 .
Under th e  assum ption  t h a t  R i s  n o t an e ig e n v a lu e , th e r e  e x i s t s  
f o r  each  n a  s o lu t io n  to  th e  system  
y "  + (R -  q (x ) )  y  = u^ , 
y '( 0 )  -  h  y (0 )  = 0 ,  y '(7 T )  -  H y C ir)  = 0 .
T his i s  e s ta b l is h e d  a s  f o l lo w s î Suppose o(,(x) and o(^(x) a r e  
l i n e a r l y  in d ep e n d en t s o lu t io n s  o f  y ” + (R -  q (x ) )  y  = 0 , th e n  th e  
l i n e a r  com b ina tion  c  ̂ (x ) + c ^ o (^ (x ) , f o r  a r b i t r a r y  c o n s ta n ts  c^
and c ^ , i s  a l s o  a s o lu t io n .  A pplying th e  boundary c o n d it io n s  
y ' ( 0 )  -  h y (0 )  = 0 and y ' ( i r  ) -  H y( t t )  = 0 to
CjO(^(x) + Cg o l j ( x ) ,  we o b ta in  a  system  o f  two homogeneous e q u a tio n s
i n  c^ and c^ ,
c , [  d j  (0 ) -  h d j(0 ) ]  + c  ̂ ^ (0 ) -  hof^(O) J  = 0 ,
G ,  [  d ^ ( T T )  -  H d ^ ( i r )  +  -  H d ^ ( T r ) J  =  o ,
w hich has a  n o n - t r i v i a l  s o lu t io n  i f  and o n ly  i f  th e  d e te rm in a n t 
o f  th e  c o e f f i c i e n t s  o f  c^ and c^  i s  z e ro ; i . e . ,
d | ( 0 )  -  h d / 0 )  d '( 0 )  -  h d / 0 )
d jC f î )  -  H d / T )
= 0
d ,(7 T ) -  H d ,( 7 7 )
But th e  system
y" + ( A -  q ( x ) )  y  = 0 ,
y ’ (0 ) -  h y (0 )  = 0 , y '( 7 T )  -  H y (  tt) = 0
h as  a  s o lu t io n  o n ly  f o r  th e  e ig e n v a lu e s ;  hence , i f  R i s  n o t an
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e ig e n v a lu e , th e n  c , = = 0  and th e  d e te rm in a n t m ust d i f f e r  from
z e ro .
The d i f f e r e n t i a l  e q u a tio n  
y ” + (R -  q (x ) )  y  = u^
h a s  a  s o lu t io n  g iv en  by
w here ^ and a r e  a r b i t r a r y  c o n s ta n ts ,  o(^(x) and 4 ^ (x )  a r e
l i n e a r l y  in d ep e n d en t s o lu t io n s  to  y "  + (R -> q (x ) )  y  = 0 , and 
W f  » <=̂ ,] i s  th e  W ronskian o f  o(^(x) and o( (x ) .
A pply ing  th e  boundary  c o n d it io n s  to  th e  fu n c t io n  U (x ) g iv e s  
°n  3 -  W / 0 ) ]  + c ^ ^  f  «^'(O)-h 0 (^ (0 ) ]  = 0,
° n i  ( ("^ ) -  H (TT ) J  + c ^ ^  f o ( ' ( - r )  -  Hc<^(7r)J
But th e  d e te rm in a n t o f  th e  c o e f f i c i e n t s  o f  c^ and c ^  i s  n o t z e ro ,
w hich i s  a ls o  t r u e  o f th e  d e te rm in a n t o f  th e  c o e f f i c i e n t s  o f c „n 3
and c^y . Thus, i t  i s  p o s s ib le  to  f in d  v a lu e s  f o r  c^ ^ and c^ ^ , 
such  t h a t  th e  fu n c t io n  D^(x) i s  a  s o lu t io n  to  th e  above system . The 
sequence  o f  f u n c t io n s  ] u n ifo rm ly  bounded on [OgTr],
s in c e  th e  sequence  J u ^ (x ) J  i s  u n ifo rm ly  bounded and ^
a r e  a l s o  u n ifo rm ly  bounded on £ o ,7 t7 » D efine v^ by th e  e q u a tio n  
v ^ (x )  = u ^ (x )  + c U ^(x), where c i s  a  c o n s ta n t  to  be chosen s h o r t ly  
i n  an  a p p ro p r ia te  m anner. The fu n c t io n  v^ s a t i s f i e s  a l l  d e f in in g  
c o n d i t io n s  o f  th e  a d m is s ib le  f u n c t io n s  e x ce p t t h a t  o f  n o rm a lity , 
w hich may o r  may n o t be s a t i s f i e d .
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T hat th e  fu n c t io n  i s  a  s o lu t io n  o f  th e  system  
V*n + (% -  q ( x ) )  = f ^  + c u ^ ,
v 'n (O ) -  h  v ^ (0 )  = 0 . v '^ ( T )  -  H v ^ (-rr)  = 0,
fo llo w s  from  th e  d i f f e r e n t i a l  e q u a tio n s
^ ”n + (R -  q ( x ) ) %  = and U"^ + (R -  q (x ))U ^ = u^ .
M u ltip ly in g  th e  above d i f f e r e n t i a l  e q u a tio n  by v^ and in te g r a t i n g
from  0 t o  x  y i e ld s
f v " n  + (R -q(x))v^Jdx = /v ^ f^  + 0 v n j  dx .
S in ce
Jo / V " n  * (R-q(x))Vg j d x  = B J"o v'dx - J(v )̂ .
“ Vjfdx= J j l V n  + = V n 7  '1=' ■*•
M u ltip ly in g  th e  e q u a tio n  
+ (R -q (x ))  u^ = f ^  by
and th e  e q u a tio n
U”n + (R -q(x))U ^ = u^ by u^ ,
s u b t r a c t in g ,  and in te g r a t i n g  from 0 to  TT y ie ld s
I V n  -  V  ]  = °
Thus,
" f  I  /Vn + = V nJ
= i l  K  + =”n Î + = J I  \
= J o  V n ^  +  °  J o  I V n  -  h  * 2= i o  “ n “ n V = ^
= i j  Vn'^ + 2d + « “ Jo Vn
The sequence  f  J  ^  u  U dx 7 i s  u n ifo rm ly  bounded, s in c e  j u  ?< o n n j  t n J
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and  ̂ ]  a r e  u n ifo rm ly  bounded sequences on L et
I I ^ B, w here B i s  a  p o s i t iv e  c o n s ta n t .  Choose
o = g  and f  = ~  , S ince  l i ^  ^  u^ f^dx  = 0 , by d e f i n i t i o n
r W
t h e r e  e x i s t s  an N such t h a t  i f  n > N, th e n  -  d - ^ J  u f d x - ;  Sn n
Thus,
r'TT
R J  Q v ^ d x  -  J (v ^ )  >  0 f o r  n > N.
Now v ^  dx > 0 . F o r, i f  v^ = 0 on j  0 , TTj ,  th en
R dx -  J  (v^) = 0 , c o n tra ry  to  th e  in e q u a l i ty
R S I  V» dx -  J (v ^ )  > 0 .  L e t / 3 ^  = / i l ' ^ n  ‘
V
and "2 = —  . The fu n c t io n  2 i s  an  a d m iss ib le  fu n c tio n  and
"  P n  "
im p a r ts  to  J  a  v a lu e  l e s s  th a n  o r  eq u a l to  R, i . e . ,
J ( v  )
R  ^  = R -  J (  2 „ )  0 .n '
T h is c o n t r a d i c t s  th e  s ta te m e n t t h a t  R = g . l . b .  J (y )  f o r  a l l  
a d m is s ib le  y  ; h en ce , i t  fo llo w s  t h a t  R = . T his c a n p le te s  th e
p ro o f  o f  th e  th e o ra n . For conven ience  l e t  ?  ^ be th e  norm al s o lu t io n  
to  th e  system  u n d e r c o n s id e ra t io n ,  when '^ = !X i  == 0 ,1 ,2 ,  . . , .
Theorem 4 .3 .  Suppose n i s  a  n o n -n e g a tiv e  in te g e r .  Suppose
V h a s  a  co n tin u o u s  second d e r iv a t iv e  on f 0 , T j  ,
v * (0 )  = h v (0 ) ,  v ' ( t r  ) -  H v ( i r )  = 0, 
r l T  0
3  Q V dx  =  1 , and j  ^  v 2  ^dx =  0 , i  =  0 ,1 ,2 ,  . . . n - 1 ,  
w here Z ^ i s  th e  i  + 1 no rm alized  e ig e n fu n c tio n  o f  th e  system  
y "  + ( > -  q ( x ) ) y  = 0 , 
y '  (0 ) -  h y (0 )  = 0 ,  y ' ( tt ) -  H y(T7‘ ) = 0 .
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Then J ( v )  Z J (  ^ ^
P ro o f . The p ro o f i s  by in d u c t io n .  I t  i s  t r u e  f o r  n = 0 , 
th e  o r th o g o n a l i ty  b e in g  v acu o u sly  s a t i s f i e d .  Hence, suppose n i s  
a  p o s i t iv e  i n t e g e r .  Suppose t h a t  i f  v h as  a co n tin u o u s second 
d e r i v a t i v e  on fo,  ttJ ,  
v * (0 ) -  h  v (0 )  = 0 , v * (t t ) -  H v ( tt) = 0 ,
v^dx = 1, and vz^dx = 0 ,  i  = 0 ,1 ,2 ,  . . . n - 1 ,
th e n  J ( v )  2 J (  2 ^ ) = ^  Now suppose u has a  co n tin u o u s second
d e r i v a t i v e  on [o ,  i r ]  ,
u * (0 )  -  h  u (0 )  = 0 , u ' (tt) -  H u(7T ) = 0 ,
u*dx = 1, and u 2 ^dx = 0 , i  = 0 ,1 ,2 ,  . . . n ,
I t  m ust be  shown t h a t  J (u )  5“ j (  ^  .
L e t = g . l . b  J ( u ) ,  where th e  g r e a t e s t  low er bound i s  ta k e n
o v e r a l l  f u n c t io n s  u s a t i s f y in g  th e  above c o n d it io n s ;  th en  
*^n " \ + l  ” ^n+1 ’ Suppose ^  n+1 J ^hen e i t h e r
R̂ _̂  ̂ = ^ o r  R^^^ i s  n o t an  e ig e n v a lu e . As in  theorem  ( 4 ,2 ) ,
d e f in e  a  sequence o f  f u n c t io n s   ̂u^ j s a t i s f y in g  th e  above c o n d it io n s  
f o r  u  such  t h a t  J (u ^ )  <  + i  and „  J (u ^ )  = _
Now d e f in e  a n o th e r  sequence o f  f u n c t io n s  j  f ^  j  by th e  
e q u a tio n  u"^  + (R^^^ -q (x ) )u ^  = f ^ .  I t  i s  r e a d i ly  e s ta b l is h e d  t h a t
Rn+1
C onsider th e  system
y "  + (Rn+1 -  %(%)) y  =
y * (0 )  -  h y (0 )  = 0 , y ' ( 7 r )  -  H y ( 7 r )  = 0,
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
4^
I f  i s  n o t  an  e ig e n v a lu e , th e n  th e  system  h a s  a  s o lu t io n  which
w i l l  be deno ted  by a s  was e s ta b l is h e d  in  th e  l a s t  theorem .
I f  ^  t h i s  system  w i l l  s t i l l  have a  s o lu t io n .  F o r, suppose
ol, and a r e  two l i n e a r l y  in d ep en d en t s o lu t io n s  o f
y "  + (^n+1 -  y  = »n+1 = ^  •
The g e n e ra l  s o lu t io n  to  y "  + -  q (x ) )  y  = 0 i s
w here W [p{^, d , ]  , th e  W ronskian o f  olj and du » i s  a  c o n s ta n t  h e re .
I t  w i l l  be shown t h a t  th e  c o n s ta n ts  c^ and c^ may be chosen such 
t h a t  th e  above fu n c t io n  U -(x) s a t i s f i e s  th e  boundary c o n d it io n s .
L et c^ = ojjCO) -  h 0(^(0), and l e t  c^ -  ho<^(0)_/
Then
U '^(O ) -  h  Ü.CO) = c ^ [ d /  (0) -  hci^(O)] + c^ [c^'(O) « h o{^(0)]
= 0 ,
and
U»^(7r)  -  HU_(-rr) = c J c i ^ C r )  -  Eo( (̂tt)]  + c^ [ < ( 7 r  ) -  ^
= cJol'(Tr) -  Hû|,(7r)? + foi^(7T) -  Hc^/TT)?
To show t h a t  U'^Ct t ) -  H ^^(1T ) = 0 , we p roceed  a s  fo llo w s  :
L e t y ^ (x )  = o(^(x) + kjj,o(^(x), where k^ and k ^  a r e  a p p ro p r ia te
S tc o n s ta n ts  such t h a t  y ^ (x )  i s  an n + 1 e ig e n fu n c tio n  o f th e  system  
c o rre sp o n d in g  to  ^ 
y "  + (Rj^^^”q ( x ) )  y  = 0 ,
y » (0 )  _ h y (0 )  = 0 , y '(T T )  -  H y (T r)  = 0,
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C le a r ly
y 'n (O )  -  h  y „ (0 )  = 0
and
n
y ' j j ( - r )  -  H y^(TT) = 0
= k, [o('(-7r) -  Hof, ( T ) J  + kg[<Y^(ir)  -  H
O bserve t h a t  s in c e  k , and k ^ canno t be zero  s im u lta n e o u s ly  „ 
th e  d e te rm in a n t o f  th e  c o e f f i c i e n t s  o f  and k^ i s  z e ro ; i . e . ,
o (,(0) _ h  o(, (0) 
of'( TT) -  Ho(,(7T)
0̂ 2 (0) -  hcfJO ) 
(-7T) -  H^^CtT)
0 .
Thus,
c I [  chJ ( T )  -  H o{, (TT )7 + [oi^^(7T) -  H q ' j T ) J  -  0,
and
5  [k o^ ,(t) + k^ u ^ ( t ) d t  = 0 ,
o
b ecau se  y ^ (x )  i s  o r th o g o n a l to  u ^ (x )  on £o, 7T/. But y ^ (x )  i s
n o n - t r iv ia l»  so we may suppose k  ̂ ^ 0 .  Then th e  above i n t e g r a l  can 
be r e w r i t t e n  a s
• ^ r  " ( , c t ) u ^ ( t ) d t = -  ^  4 ; ( t ) " ^ ( t ) d t . .
S u b s t i t u t in g  t h i s  i n to  th e  e x p re ss io n  f o r  U'^Ct t ) -HtyCTT ) y i e ld s  
ü 'g C -r ) -  H u. ( 7 t )
w /c f j  ÿ j jç ,  ^  ™
= 0 ,
( t ) u ^ ( t ) d t „
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s in c e
k , [ c<; ( 7t) -  H o ^ ,( tT )/ + I  ^ ^ ( t )  -  Hof (̂ 77) J  = 0 ,
The same r e s u l t  i s  o b ta in e d  i f  k ^ ^ 0 ,  Hence, we conclude  t h a t
th e  system
y" + (R ^ + i-q (x ))  y  = V
y ’ (0 ) -  h y (0 )  = 0 , y H i r )  -  H y(7r) = 0 
h as  a  s o lu t io n  f o r  = "A nam ely iy ( x ) .
Thus, so  f a r ,  we have shown t h a t  th e  system
y" + (R^+1-q(x))  y  “ %
y * (0 )  -  h  y (0 )  = 0 , y '( 7 T )  ~ H y(7T ) = 0
h a s  a s o lu t io n  f o r  ^  and a s o lu t io n  f o r  R^^^ = ^
u n d e r th e  assu m p tio n  t h a t  u^ i s  o r th o g o n a l to  y ^ , „ y^ .
Now i f  R̂ _̂  ̂ 9̂ )  ^  , th e n
\ ,U y .d x  = 0 ,  i  = 0 ,1 ,2 ,  . . „ n ,w/g) ' m X
T his i s  e s ta b l is h e d  a s  f o l lo w s î S ince  
(IT
^  ̂  ^dx — 0 , i  — 0 ,1 ,2 ,  , « * » n , m™ 1 ,2 ,3 ,  * » » , 
we have  from  th e  e q u a tio n s
,0"m + (Rh+1-q (% )) ,0m = "m”
? " i  *  i  "  i  = 0 ,
t h a t
i  ,«m '  ."m* i ’ /  J
O o
— 0  e
I f  R̂ _̂  ̂ = th e  s o lu t io n  i s  n o t u n iq u e ly  d e te m in e d  b u t h a s  th e
form  -U = U- + c , 2 „ b e in g  th e  no rm alized  e ig e n fu n c tio n2 m m m n ,1 n
c o rre sp o n d in g  to  % and b e in g  an a r b i t r a r y  r e a l  c o n s ta n t .
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
49
r ‘7T
I f  i s  d e fin ed  by = -  J Ü- 2^dx, then
o i V n " ^  = "m V i  ^  % n"
and l e t  U be  e q u a l t o  . U f o r  R . ,  =m 2 m  n+1 n
T h is  fu n c t io n  s a t i s f i e s  a l l  c o n d it io n s  r e q u ire d  ex cep t p o s s ib ly
n o rm a l ity .  D e fin e  th e  fu n c t io n  v by v = u + c U ,  where c i sm " m m m
an a r b i t r a r y  c o n s ta n t .  T h is fu n c t io n  a l s o  s a t i s f i e s  a l l  c o n d it io n s
r e q u ir e d  e x c e p t p o s s ib ly  n o rm a lity . From th e  e q u a tio n s
“ "m + ( V l  -  % (=)) %  =
°"m + ( V l  -  q ( * ) )  "m = 
i t  fo l lo w s  t h a t
V i  i ’ ’o o
J7T(U f  -  u* ) dx = 0 and r e p la c in g  v  by u  +cU in  r a r a m  ^ “ m ^ ' m mo
th e  r i g h t  s id e  o f  th e  above e q u a tio n  y ie ld s
V l  + 2° + s '  .
o o
an argum ent employed a t  th e  end o f  theorem  ( 4 ,2 ) ,  we have
V l  -  -'(% ,) '  ' ^ 7
T h is i s  a  c o n t r a d ic t io n ,  and hence  = ^ n + l ’
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CHAPTER V 
CONVERGENCE THEOREMS 
S e c tio n  I
D e f in i t io n  5 .1 .  L e t B be a  s e t  o f  r e a l -v a lu e d  f u n c t io n s  on 
[ a , b ]  , and l e t  C a ls o  be  a  s e t  o f  r e a l - v a lu e d  fu n c t io n s  on fa ^ b ^  . 
The s e t  B i s  c lo s e d  w ith  r e s p e c t  to  C on ^a^bj , i f  whenever f  (x) 
i s  i n  C and 0 , th e r e  e x i s t  fu n c t io n s  f , ( x ) ,  f g ( x ) ,  . . . f ^ (x )
i n  B, and c o n s ta n ts  ĉ  , c^ , . . <, c^ , such t h a t
c ^ f^ (x )  -  f ( x )  I C 6
f o r  a l l  X  i n  £ a ,b j  ,
D e f in i t io n  5=2. Suppose B and C a re  s e t s  o f  r e a l -v a lu e d ,  
i n t e g r a b l e  f u n c t io n s  on fa ^ b j  , Then B i s  c lo se d  in  th e  mean w ith  
r e s p e c t  t o  C on £ a ,b j  , i f  f o r  e v ery  f  (x) i n  C and f o r  e v ery  6 > 0, 
t h e r e  e x i s t  fu n c t io n s  f , ( x ) ,  f^Cx)* « « o f^ ^ x )  i n  B, and c o n s ta n ts  
c, » Cj* . » • such t h a t
j  [ Cx) J  dx‘b r  . n 
a
D e f in i t io n  5 ,3 .  Suppose B and C a r e  s e t s  o f  r e a l - v a lu e d ,  
i n t e g r a b l e  f u n c t io n s  on £ a ,b j  <> Then B i s  com plete  w ith  r e s p e c t  to  
C on [ a , b j  , i f  w henever f  (x ) i s  i n  C and ^  ^ f  (x )g (x )d x  = 0 f o r  a U
g (x ) i n  B, i t  fo llo w s  t h a t  f ( x )  ^  0 on [a ,h ]  ,
49
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S e c tio n  I I
Lemma. I f  , v ^ , . , . a r e  d i s t i n c t  e ig e n fu n c tio n s  o f  th e
system
y ” + a -  q ( x ) )  y  = 0 , y ' ( 0 ) -  h y (0 ) = 0 , y '(7 T )  -  = 0 ,
i f  u  h as  a  c o n tin u o u s  second d e r iv a t io n  on [O^irJ  3 i f  u  s a t i s f i e s
rw
J u v .d x  = 0 ,  i  = 1 ,2 ,3 ,  o - . n , th e n
th e  c o n d it io n s  u ’ (0 ) -  h u (0 )  = 0 ,  u ’ C tt)  -  H u ( i r )  = 0 ,  and i f  
rir
o “ "i"
J (u + V. ) = J (u )  + J (v . ) .
P ro o f. Now
r-rr (TT ,77-
(u ”v -  v "u )d x  = (u ’v -  v 'u ) 'd x  = (u 'v  -  v “u) / = 0 .
o
From th e  e q u a tio n  v̂ ” + ( o i^ -  q ( x ) )  = 0 and th e  p recced in g
r e s u l t ,  i t  fo llo w s  t h a t
r'cr /?"
\ (u "v  -  v "u ) dx = 2 ( q (x )v  dx .
"^o o
Hence,
J (u  + Vg) = J  [ ( u '  + v^ f  + q(x)(u4V(j )^Jdx -  (u+v ) (u+v ) '  j
o ' o
= J (u ) + J (v^ )
The p ro o f  o f  th e  lanraa i s  r e a d i ly  com pleted t y  in d u c t io n ,  i f  we
o b se rv e  t h a t  .
n n-1_
J ( u  + S  ^  V . ) = J  (u + V +  ~  ^ i  ) '
Theorem 5 .1 .  The s e t  o f  no rm alized  e ig e n fu n c tio n s  o f  th e
system
y " + ( A -  q ( x ) )  y  = 0 ,
y ' ( 0 )  -  h y (0 )  = 0 , y “ (7T) « H y ( 7 r )  -  0 ,
i s  c lo s e d  in  th e  mean w ith  r e s p e c t  to  th e  s e t  C o f  fu n c t io n s  d e f in e d
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on [ o ,  TTj, t h a t  have a  co n tin u o u s  second d e r iv a t i v e ,  and s a t i s f y
th e  boundary  c o n d it io n s
y* (0 ) -  h  y (0 )  = 0 , y* (7T) =. H yC vr) = 0 .
P ro o f . C onsider 
n
J  j f ( x )  -  2  ~ Cj^Ui(x) J  dx ,
/-TT
w here f ( x )  i s  i n  C, c^ -  j  f (x )u ^ (x )d x ,  i  = 0 ,1 ,2
and u ^ (x )  i s  th e  i  + n o rm alized  e ig e n fu n c tio n  o f  th e  above 
sy stem . C le a r ly
S  / ' M  -  I n  Jo i=0
J  / f  (x)J dx  » c j
I f  ^ ( x )  = f ( x )  -  ^ ^ C iU i(x ) , , th e n  J  /^ (x )u ^ ( x ) d x  = 0,
1.
7
i=0
i  = 0 ,1 ,2 ,  . , . n . Suppose ^ ( x )  ^  0 on fo , T t / , f o r  o th e rw ise  
th e  problem  i s  t r i v i a l .  L et (x) = J  ^ dx  J
From theorem  ( 4 .3 ) ,  i t  fo l lo w s  t h a t
\ + 1  -  J  (<^n)
^ ( /^n) [ J ^  J  \
and
( x ) J ^  dx t
)n+1
f o r  ^  0 , w hich i s  c e r t a i n l y  t r u e  f o r  s u f f i c i e n t l y  l a r g e  n.
Using th e  r e s u l t s  o f  th e  lemma, we conclude  t h a t  
J ( f )  = J (  /  c *  A . . Now suppose
1=0
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'^0 * ^ / » . . .  5 ^  -  0» 0 '" m+2* * ° '  ^  n*
m___
f o r  n > m, a f t e r  d i s c a rd in g  th e  n o n « p o s itiv e  te rra s . The r i g h t  s id e  
o f  t h i s  i n e q u a l i t y  i s  in d ep e n d en t o f  n , (Consequently,
I J (  I -  K f o r  a l l  n and some c o n s ta n t  K, and
'o  “ “ ^n+1
= 0 ,
Theorgn 5 .2 ,  (W e ie r s tr a s s  A pproxim ation Theorem) ,
Any c o n tin u o u s  fu n c t io n  d e f in e d  on [ a ^ b j  may be approxim ated  u n ifo rm ly  
on t h i s  i n t e r v a l  by po lynom ia l f u n c t io n s  (se e  C ourant and H ilb u r ts  
M ethods o f  M ath em atica l P h y s ic s„ V ol. I ) ,
Theoron 5»3. The s e t  c f  n o rm alized  e ig e n fu n c tio n s  o f  th e  system  
y ” + ( ^  -  q ( x ) ) y  = 0 ,
y ' ( 0 )  -  h  y (0 )  = 0 , y" ( y r )  -  H y (7 r )  = 0,
i s  c lo s e d  i n  th e  mean w ith  r e s p e c t  to  th e  s e t  of co n tin u o u s fu n c t io n s
on TOj T J  o
P ro o f , Suppose f ( x )  i s  c o n tin u o u s  on /o» t t /„  Suppose € > 0 , 
We w ant to  d e te rm in e  a  fu n c t io n  g (x )  such t h a t  i t  has a  c o n tin u o u s  
second d e r iv a t iv e ,  s a t i s f i e s  th e  boundary  c o n d it io n s ,  and 
/ f ( x )  -  g (x ) I < f o r  0 = X ^ i f  . A ccording to  th e
W e ie r s tr a s s  A pproxim ation  Theorem, th e r e  e x i s t s  a  po lynom ial p (x )  
such  t h a t  I f  (x) -  p (x ) | ^ f  (“ ) “  ̂ f o r  0 « x  -  7^ , A fu n c t io n
r ( x )  w i l l  be  d e te rm in e d  such t h a t  i f  g (x ) -  p (x )  + r ( x ) ,  th e n  g (x )  h as
a  c o n tin u o u s  second d e r iv a t iv e ,  s a t i s f i e s  th e  boundary  îo n d i t io n s .
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i
and r ( x )  <  f o r  0 S % 6 r  . I f
r ( x )  = p (0 )  -  p» (0 ) A H p(7? 1  -  P '(7T  Y  s ln  nx
+ f  h  p (0 )  -  P '( 0 )  -  H p C tt)  ± p ° l7 T )  7 s ln  (n+1 ) x  
L 2 J  n+1
w here n i s  a  non~ zero , even , p o s i t iv e  i n te g e r ,  th e n  i t  fo llo w s  r e a d i ly
t h a t  g (x ) h a s  th e  d e s i r e d  p r o p e r t i e s  «
F in a l ly ,
j f ( x )  -  g (x ) 1 ^  / f ( x )  -  p (x ) /  + I p ( x )  -  g (x )  I
= ) f ( x )  ~ p ( x ) | + j r ( x ) j
f o r  0 -  X -  Tt and f o r  n > 8  K (-^ )^  , where
K = max. / h p (0 )  -  p° (O l p H ? ) /  , / h p(Q) -  p° (0)-Hp(7r)+p^ (T r)< .
2 2
But f o r  such a  f u n c t io n  g (x ) ,  th e r e  e x i s t s  an N such th a t  i f  n >  N,
th e n  + 2 7T
r^ fg C x )  -  c ,u .  (x ) I  dx 4 -  f o r  0, = r  g (x ) a .( x )d x ,
o ^  i= 0  ^
t h i s  i s  so b ecau se  o f  theor® n ( 5 ,1 ) .  Combining a l l  r e s u l t s  o b ta in e d  
so f a r ,  i t  fo l lo w s  t h a t
/■■Tjr r I—ii.Ofl..!-* 2 r  ’W" r —1 2
j  | f ( x )  -  ^   ̂ c^u^(x) J  dx t  J  £ f (x )  -  g ( x ) y  dx
+ 2 J  / f  ( x ) - g ( x ) |  I g(x)  -  dx
1=0
o  i=0
< S' ,
Theorem 5 ,4 .  The s e t  o f  no rm alized  e ig e n fu n c tio n s  o f  th e
system
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y" + ( > -  q ( x ) )  y  = 0 ,
y ' ( 0 )  ~ h y ( 0 )  = 0 , y- (7r )  ” H y ( ? r )  = 0 ,
i s  co m p le te  w ith  r e s p e c t  to  th e  s e t  o f  continuous^ r e a l-v a lu e d  f u n c t io n s  
on L o . T r ]  „
P ro o f . I f  6 > Oj, th e n  th e r e  e x i s t s  N such t h a t  i f  n > N, 
f  f f ( x )  « a  u . (x) 7 ^ d x  < 6 f o r  a . = (~^g (x )u . (x )d x ,
^  X  X  d  X 1
w here g (x )  h as a c o n tin u o u s  second d e r iv a t iv e  and s a t i s f i e s  th e  
boundary  c o n d i t io n s .  Now
j  J f ( x )  -  ' b ^ u ^ ( x ) J ‘̂ d x  é  J  ^ ( x )  -  ^  a ^ u ^ ( x ÿ ^ d x  ,
w here b. = /  f  (x )u . (x )d x  and a , = f ^ g ( x ) u ,  (x)dXa
X ^ ^ o 1
s in c e
j J ’ / f  ( x )  -  ^  =  J ' j / f ( x ) 7 ^ d x  +  i ( - 2 a j ^ b j ^ + a ^ )
= + f :  ( a _ b , f  .  f Z  b f
o x=0 x=0
-  J ^ / f ( x ) / ^  dx -  b,
o i=0
%X
=  J  - y  ]  dx .•IT
O X = ü
B ecause o f  th e  c lo s e d  i n  th e  mean p ro p e r ty .
2
dx
f o r  l a r g e  n , o r  s im p ly  ^
6"(x)7 ^ dx  _ ^  b l J  = / f ( x ) 7 ^ d x X—‘0
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f W
Suppose t h a t  J  £‘ ( x ) u ^ ( x ) d x  = 0 ,  1  -  0 , 1 , 2 ,  „ .  ,  , th e n  
o ^
bu = 0 ,1 ,2 ,  . , o » and /  / f (x )7 * ^ d x  = 0 . From th e  c o n t in u i ty  o f
c
f  ( x )  and t h e  n o n -n e g a t iv e  p r o p e r t y  o f  / f C x ) / ^  „ we h a v e  f ( x )  -  0
f o r  0  -  X  -  7 T . T h u s , th e  c o m p le te n e s s  i s  e s t a b l is h e d  f o r  th e
n o r m a liz e d  e ig e n f u n c t io n s .  The p r o p e r t ie s  p ro v e d  f o r  th e  n o rm a liz e d
e ig e n f u n c t io n s  i n  t h e  l a s t  s e v e r a l  th e o re m s  a r e  a ls o  p o ssessed  b y
t h e  e ig e n f u n c t io n s .
We m ay now t u r n  t o  t h e  re m a rk s  a t  th e  end o f  th e o re m  (3<>3) and
o b s e rv e  t h e  f o l lo w in g  th e o re m .
Theorem  5 .5 »  I f  0 ( x )  h a s  a  c o n tin u o u s  d e r i v a t i v e  o f  bounded
v a r i a t i o n  on f o ^ w / e  th e n  0 ( x )  =  ^  c _ u _ (x )  and t h e  c o n v e rg e n c e
n=0 "  ^
r i r  +
i s  u n ifo rm , w here c^ = J  0 (x )u ^ (x )d x  and u ^ (x )  i s  th e  n + 1
o
n o rm a l e ig e n f u n c t io n  o f  t h e  system
y "  +  "  q ( x ) )  y  =  0 ,
y '( 0 )  -  h y (0 )  = 0 , y" ( 7r )  -  H y ( i r )  = 0 ,
T h e o ra n  5 , 6 ,  I f  i s  a  p o s i t i v e ,  d e c r e a s in g  f u n c t io n  o f  
n , and  i f  n  ^ 1 ,  th e n  t h e r e  e x is t s  a  c o n s ta n t  K such t h a t
1 - -  I
I ^  a ^  s in  n x  j -  K f o r  a l l  m and f o r  a l l  x  (s e e  H a rd y  and
R o g o s in s k is  F o u r ie r  S e r ie s ) ,
The n e x t  th e o re m  w i l l  com pare t h e  S t u m - L i o u v i l l e  d e v e lo p m e n t  
o f  a n y  c o n tin u o u s  f u n c t io n  f ( x )  on /o ,  77" 7 w i t h  th e  F o u r ie r  c o s in e  
d e v e lo p m e n t o f  th e  same f u n c t io n .
Theorem  5 , 7 ,  The S tu r m -L i  ou v i l l e  d e v e lo p m e n t o f  a n y  .continuous
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f u n c t io n  f ( x )  on [o^ir]  converges (d iv e rg e s )  a t  any p o in t  in  
■whenever th e  c o s in e  developm ent converges (d iv e rg es) a t  t h a t  p o in t .
The convergence  i s  un ifo rm  on any s u b in te r v a l  o f  [o^TT ]  i f  and o n ly  
i f  th e  c o s in e  developm ent converges u n ifo rm ly  i n  th e  same i n t e r v a l .
B efo re  we g iv e  th e  p ro o f , s e v e r a l  o b s e rv a tio n s  w i l l  be made 
and s e v e r a l  lemmas w i l l  be e s ta b l i s h e d .
Suppose f ( x )  i s  a  co n tin u o u s  fu n c t io n  on ÎQ^ir]  „ L e t 
s ^ (x )  be  th e  sum o f  th e  f i r s t  (n+1 ) t e r n s  c f  th e  S tu rm -L iou-v ille  
deve lopm en t, th u s
Sn(x) = f ( t )  U j^(x )u j^ (t)d t,
w here u ^ (x )  i s  th e  k + 1^^ n o rm alized  e ig e n fu n c tio n  o f  th e  system  
y" + (%  -  q ( x ) ) y  = 0 ,
y ' (0 ) -  h  y (0 )  = 0 , y '( 7 r )  « H y ( 7 r )  = 0 .
R e c a ll  t h a t
u ^ (x )  -  cos nx + ^ ^  + ^ ( ” a)!) k = 1 ,2 ,  . . . ,
w here
^  (x ) = -  + h + i- J" q ( t ) d t .
o
The system
y ” + A y  = 0 , y '  (0 ) = 0 , y '(% r)  = 0 
h a s  n o rm alized  s o lu t io n s  g iv en  by
\  ~ ^ k =  1 , 2 , 3 ,  . . . a and v^ (x) = IT
L e t CT (x ) = r  f ( x )  f — q- 2  ^  cos kx cos k t  7 d t  ,
"  o  ̂ k=1
Then J ^ (x )  i s  th e  sum o f  th e  f i r s t  (n+1) te rras  o f  th e  c o s in e
developm en t. Hence, i f
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^ ^  /  4  i  2 Z 2  c o s k x c o s k t ? ,
k=0 k—1 -'
I t  fo l lo w s  t h a t
s ^ (x )  -  cr (x ) = J  C t)dto
o
means o f  t h i s  r e l a t i o n ,  theorem  (5 .7 )  w i l l  be  e s ta b l is h e d .  The 
p ro o f  i s  based  on two lemmas.
Lemma I , T here  e x i s t s  a  c o n s ta n t  M such t h a t  
I ^  ( x g t )  I ^  K f o r  a l l  n„ x , and t .n
P ro o f , From th e  a sy m p to tic  form  o f  u ^ (x ) ,  we have, f o r  k > 0, 
2u ^ ( x ) u ^ ( t )  — — cos kx cos k t  =
s in  kx t ) s i n  k t
+ 0 ( Z 2 ) cos k t  +cos kx +
— cos k X cos k t  
IT
_1_  J '/3 (x )+ y ^ ( t) J  s in  k (x » t)  ^  _1_  s l n  k ( x - t )^
But th e  sums o f  th e  s e r i e s
s i n
k=1
a r e  bounded a c c o rd in g  to  th e  theorem  (5 ° 6 ) , and / 2 ( x )  i s  a ls o  bounded 
on [OgTr] s h e n ce , t h e r e  e x i s t s  a  c o n s ta n t  M such t h a t / ^ ^ ( x , t )  / 1 M 
f o r  a l l  n , x , and t .
Lemma I I ,  I f  0 (x) has a  co n tin u o u s  second d e r iv a t iv e  on 
fO,TrJ , th e n  J  ( x , t )  0 ( t )  co n v erg es u n ifo rm ly  to  z e ro .
P r o o f ,  I f  g ^ (x )  and h ^ ( x )  a r e  th e  sums o f  t h e  f i r s t  (n + 1 )  
te rra s  o f  t h e  S tu r r a -L io u v l . l le  and th e  c o s in e  d e v e lo p m e n t o f  0 ( x ) j  
r e s p e c t i v e l y ,  th e n
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7T X
g j j ( x )  -  h ^ ( x )  =  j j  0 ( t )  d t
o
ïh e  u n ifo r m  c o n v e rg e n c e  o f  th e  S t u m ~ L io u v i , l le  d e v e lo p m e n t o f  a  
f u n c t io n  w i t h  a  c o n tin u o u s  f i r s t  d e r i v a t i v e  o f  bounded v a r i a t i o n  
t o  t h e  f u n c t io n  i t s e l f  was a l r e a d y  e s t a b l is h e d *  B u t i n  t h i s  c a s e ,  
th e  c o s in e  d e v e lo p m e n t i s  a  s p e c ia l,  c a s e  o f  th e  S i u m - l l o u v i l l e  
d e v e lo p m e n t*  T h e r e f o r e ,  a s im i l a r  c o n c lu s io n  i s  v a l i d  f o r  th e  c o s in e  
d e v e lo p m e n t*  A ls o ,  s in c e  a  f u n c t io n  w i t h  a  ^continuous second  
d e r i v a t i v e  h as  a  c c n tin u c u .s  f i r s t  d e r r  va  f i v e  o f  bounded v a r i a t i o n ,  
we h a v e , f o r  €  >  0 ,
I S  î ^ ( x , t ) 0 ( t ) d t /  é  j g ^ ( x )  -  0Cx)/ + / 0 ( x )  » h^(x)
f o r  s u f f i c i e n t l y  l a r g e  n ,  and f o r  a l l  x  i n  [O , T  7  *
Now t h e  p r o o f  o f  th e o re m  (5 o 7 )  w i l l ,  b e  g iv e n *
P ro o f»  S in c e  f  (x .) i s  c o n tin u o u s  on [O^TtJ  , a  sequence o f  
f u n c t io n s  |  0 ^ ( x )  |  w i t h  c o n tin u o u s  second d e r iv a t i v e s  may be  
fo rm e d , a c c o rd in g  to  th e o re m  ( 5 * 2 ) ,  w h ic h  c o n v e rg e s  u n i f o r m ly  to  
f  ( x )  on J o , TtJ  e
Then  ^
s ^ ( x )  -  c r ( x )  =  { f ( t ) =  0 ^ ( t ) J d t  + /  ^ ( x , t ) 0 ^ ( t )  d t  o
B u t J 0 ^ ( x ) j  c o n v e rg e s  u n i f c r r a ly  t o  f ( x )  on J 0 ,  , so g iv e n  ^ >  0,
t h e r e  e x is t s  an i n t e g e r  N such t h a t  | f ( t )  -  0 ^ ( t )  | ^  a l l
t  i n  and f o r  m 5 N»
F i n a l l y ,  we h a v e , frcm . lemma 11, th a t
I s ( x )  .  r  U ) J   ̂ f  ̂ ' ^ ( x , t ) /  / f ( i  )..0^(Tl/dt + , / /  A(x,f.)0 ( t ) d t /
' "  n f ^ (2,
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f o r  0 & X ^  7T , and f o r  a l l  l a r g e  n .
T his theorem  i s  o f  c o n s id e ra b le  im portance» An enormous 
volum e o f  work h a s  been done co n ce rn in g  convergence o r  d iv e rg e n c e  
o f  th e  F o u r ie r  c o s in e  developittent o f  an a r b i t r a r y  fu n c tio n »  By 
means o f  th e  l a s t  theorem , th e  r e s u l t s  o f  such in v e s t ig a t io n s  
a r e  a p p l ic a b le  to  th e  S tu rm -L io u v ille  developm ent o f  t h a t  fu n c tio n »  
F o r exam ple, t h e  fo llo w in g  theorem s a r e  consequences o f  theorem  (5®7) 
and w ell-know n theorem s c o n c e rn in g  th e  F o u r ie r  developm ent»
Theorem 5®8» L e t f ( x )  be a  f u n c t io n  o f  bounded v a r i a t i o n  on 
£o , 7T/ . Then
CO
2 1  c „ u „ ( x )  =
n=0
f o r  0 < X ^  i r  w here f  (x+) and f ( x - )  e x i s t ;  and , when f (0 + )  and 
f (  7T -) e x i s t ,  th e n
oo oa
5  ~  c u  (0) = f (0 + )  and y  c u  (77) = f ( 7 r  - )  »
^  " a  " "
Theorem 5 .9 .  Suppose f ( x )  i s  a  co n tin u o u s fu n c t io n  on [ o , i r j
D enote hy  s ^ (x )  th e  sum o f  th e  f i r s t  (n+1 ) term s o f  th e  Sturm -
L io u v i l le  developm ent o f  f  (x)» A lso , l e t  GT (x ) = >  5 ^ (x ) .
Then
lim  (T (x ) = f ( x )  u n ifo rm ly  o n f o ^ T j  » 
n  —>oo n
Theorem 5»10» I f  f ( x )  i s  co n tin u o u s and o f  bounded v a r i a t i o n  
on /0 , t 7 , th e n
(x) = f  (x) u n ifo rm ly  on fO,7Tj ,
CO
'^n^n'
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